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Chapter 1

Warm-up problem set

1.1 Applications

1.

Let a,b, c,d be real numbers such that a? 4 b2 + ¢* 4 d? = 4. Prove that
@+ +3+d<s
If a, b, c are non-negative numbers, then
a3+b3+c3—3ab62 2(?—0,)3.
Let a,b, c be positive numbers such that abc = 1. Prove that

a+b+c> sfa? + b? + ¢?
3 - 3 .

. Let a, b, ¢ be non-negative numbers such that a®+ 53+ c3 = 3. Prove that

ab? 4 pict + ctat < 3.

(Vasile Cirtoaje, GM-A, 1, 2003)

. If a, b, ¢ are non-negative numbers, then

a® + b2 + ¢® + 2abc + 1 > 2(ab + be + ca).

(Darij Grinberg, MS, 2004)

. If a, b, ¢ are distinct real numbers, then

a? b2 ¢?
6-oF " (c—ap  (@a=0bp
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7. If a,b, c are non-negative numbers, then
(a? —be)Vb+c+ (b% — ca)vVe+ a+ (2 —ab)Va + b > 0.

8. If a,b, ¢, d are non-negative real numbers, then

a—2b + b—rc + c—d 4 d—a S
a+2b+c¢ b4+2c4+d c+2d+a d+2¢a+b

9, Let a,b,c be non-negative numbers such that
A+ +E=a+b+e

Prove that
a?b? + b2c? 4 ¢*a? < ab+ bc+4 ca.

(Vasile Cirtoaje, MS, 2006)

10. Let a, b, ¢ be non-negative numbers, no two of them are zero. Then,

2 b2 2
>1
a? + ab + b2 +bz+bc+c2+c2+ca+a2 =

11. If a, b, ¢ are non-negative numbers, then

Y LA S S
a3+ (b+c)3 b3+(c+a)3+ S+ (a+bd)3~ 7

12. Let a, b, ¢ be positive numbers and let

E(a,b,c) = ala—b)(a—c) +bb—c)(b—a)+ c(c—a)(c—b).

Prove that
a) (a + b+ c)E(a,b,c) > ab(a — b) + be(b— ¢)? 4 ca(c —a)?,
1 1 1
b) 2(E+ E—{- E)E(a,b,c) > (a—b)? + (b—c)? + (c —a)>.

(Vasile Cirtoaje, MS, 2005)

13. Let a,b, ¢ and z,y, 2z be real numbers such that a+z 2 b+y>ec+220
and a + b+ ¢ = x4 v + 2. Prove that

ay +bxr > ac+zxz.
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1
14, Let a,b,c € [5,3] Prove that

v

a+b+c 7
a+b b4+ec c+a” 5

15. Let a,b,c and z,y, z be non-negative numbers such that
a+b+e=z+y+z
Prove that
az(a+ z) + by(b+ y) + cz(c+ z) > 3(abe + zyz).
(Vasile Cirtoaje, MS, 2005)
16. If a,b, ¢ are non-negative numbers, then
Aa+ b+ c)® > 27(ab? + be? + ca® + abe).
17. Let a,b, ¢ be non-negative numbers such that a + b+ ¢ = 3. Prove that

1 1 1
> 1.
2ab2+1+2bc2+1 +2ca2+1 =

18. If a,b, c,d are positive numbers, then

| 1 1 1 4
>
a2+ab+b2+bc+c2+cd+d2+da_ac+bd

1

o

1
Tabece [ﬁ,\/ﬁ],then

3 .3 3 2 9 9
a+2b " b2 "ct2aZaib  bre era

20. Let a,b,c be non-negative numbers such that ab+ be + ca = 3. Prove

that
1 1 1
<1.

2r2 2t @S
21. Let a,b, ¢ be non-negative real numbers such that ab+be+ca = 3. Prove
that

1 + 1 + 1 >3
a?24+1 241 211°2
(

Vasile Cirtoaje, MS, 2005)
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22. Let a,b,c be non-negative numbers such that a® + > + ¢2 = 3 Prove

that
a b c

<
b+2+c-%-2+ at+2~ !
(Vasile Cirtoaje, MS, 2005)

23. Let a,b,c be positive numbers such that ebc = 1. Prove that

a—1 b-1 c~-1
a) + + >0,
b c a
a—1 b—-1 e—1
b >0
)b+c+c+a+a+b—

24. Let a, b, ¢, d be non-negative numbers such that a?—ab+b? = ¢?—cd+d2.
Prove that

(a+ b)(c+d) > 2(ab+ cd).

25. Let ay,a2, .,an be positive numbers such that ajay . a, = 1. Prove

that ) ) .
o1
1+(n—1)a1+1+(n—1)a2 1+ (n—1l)an —

(Vasile Cirtoaje, GM-B, 10, 1991)

26. Let a, b, ¢, d be non-negative real numbers such that a+b2+c¢?+d? = 1
Prove that
(1 —a)(1=b)(1 —c)(1 —d) > abed.

( Vasile Cirtoaje, GM-B, 9-10, 2001)

27. If a,b, ¢ are positive real numbers, then

Y R
a-+b b+c c+a

(Vasile Cirtoaje, GM-B, 7-8, 1992)

28, If a,b, ¢, d are positive real numbers, then

2 2
)+ ) + () + () =

(Vaside Cirtoaje, GM-B, 6, 1995)
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1
29. Let a,b,c be positive numbers such that a + b+ ¢ = - +-+-. If
a<b<e, then
ab’cd > 1.

(Vasile Cirtoaje, GM-B, 11, 1998)
30. Let a,b, c be non-negative numbers, no two of them are zero Then

a2+b2+c2>a+b+c
b2 4+c? " c2+a?  a?+b T b+c cH+a a+b

( Vasile Cirtoaje, GM-B, 10, 2002)
31. If a, b, ¢ are non-negative numbers, then
2(a® + 1)(6® + 1)(c* + 1) > (a+ 1)(b+ 1)(c + 1)(abe + 1).
( Vasile Cirtoaje, GM-A, 2, 2001)
32. If a,b, ¢ are non-negative numbers, then
31—a+a?)(1-b+b)1—c+ c?) > 1+ abe + a?b?c”.
(Vasile Cirtoaje, Mircea Lascu, RMT, 1-2, 1989)

33. If a,b, ¢, d are non-negative numbers, then
(1-—a+a®)(1=-b+bY)(1—c+ )1 —d+d?) > (Ii;bii)z.
(Vasde Cirtoaje, GM-B, 1, 1992)
34. If a,b, c are non-negative numbers, then
(a® + ab+ b2)(b* + be + ¢?)(c? 4 ca + %) > (ab + be + ca)?.

(Vasile Cirtoaje, Mircea Lascu, ONI, 1995)

35. Let a,b,c,d be positive numbers such that abed = 1. Prove that

1 1 1
+
14+ab+be+ca lth')c-i-ccH-db-*-l-i-caH—da,-i-ac-*-l+4:1!a-{~ab+bdS L
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36. If a,b,c and z, y, = are real numbers, then
4(a? + 22)(b® + ¥%)( + 2°) > 3(bex + cay + abz)?.
( Vasile Cirloaje, MS, 2004)
37. lfa>b>c>d> e, then
(a+b+c+d+e)? > 8(ac+ bd + ce).

For e > 0, determine when equality occurs.
(Vesile Cirtoaje, MS, 2005)

38. If a,b, ¢, d are real numbers, then
6(a% + b2+ 2 +d?) + (a+ b+ c+d)* > 12(ab + be + cd)
(Vasile Cirtoaje, MS, 2005)

39. If a,b, ¢ are positive numbers, then

1 1 1
\/(a+b+c)( +7+7 >1+\[ \/a? b?+c2 Stmt )

( Vasile Cirtoaje, GM-B, 11, 2002)

40. If a,b,c, d are positive numbers, then

1 1 1 1
54 (20 + B+ 2) () —22 @b+ (g +g)

(Vasie Cirtoaje, GM-B, 5, 2004)

41. If a,b, ¢, d are positive numbers, then

a—b b—c¢c c¢c—d d—a

> 0.
i rcterd T dTa Tarn =
42, If a,b,c > —1, then
1+ a? 14 b2 1+ c?

>
1+ b+ c? iy era TTrass ™
(Laurentiv Panaitopol, Jumor BMO, 2003)
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43. Let a,b,c and z,v, z be positive real numbers such that
(a+b+c)(z+y+2)=(a®+b%+ ) (2 +4° +2%) =4.

Prove that.

abcxyz < 3%

(Vasile Cirtoaje, Mircea Lascu, ONI, 1996)

44. Let a,b, ¢ be positive numbers such that a® + b2 + ¢2 = 3 Prove that

a2+b2 b2+c2 c2+a2

>3
a+t+b b+c c+a ~

(Cezar Lupu, MS, 2005)

45. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
& 1 1 1 3

> .
a2+bcJr b2 + ca + c2+ab ™ ab+ be+ ca
(Vasile Cirtoage, MS, 2005)

46. Let a,b,c be non-negative numbers, no two of which are zero. Prove
that

1 1 1 3
> .
bQ—bc+c2+c2—ca+a2+cﬁ—ab—i—b2 “ab+ bc+ ca

47. Let a, b, c be positive numbers such that a 4- b+ ¢ = 3 Prove that

12

b _ >
N c+ab+bc+ca -

48. Let a,b,c be non-negative numbers such that a® + b2 + ¢2 = 3 Prove
that
12 + 9abc > 7(ab + bc + ca).

(Vasile Cirtoaje, MS, 2005)

49. Let a,b, ¢ be non-negative numbers such that ab + be + ca = 3. Prove
that

a3+ b3 +c3+7abc2 10.

(Vasile Cirtoage, MS, 2005)
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50. If a,b, ¢ are positive numbers such that abc = 1, then
(a+b)bte)c+ta)+7=5(a+b+e)
(Vasile Cirtoaje, MS, 2005)

51. Let a,b,c be non-negative numbers, no two of which are zero. Prove
that
al 4 b3 4 A3 < 1
(2024 b2)(2a2+c2) ~ (202+¢?)(20%2+a?)  (2c2+a?)(2c2+b%) T at+b+te
(Vasile Cirtoaje, MS, 2005)

52. Let a,b, c be non-negative numbers such that a + b+ ¢ > 3. Prove that

1 1 1
- <1
c12+b+c+(:z+b2+cJf a+b+c?—

53. Let a,b, c be non-negative numbers such that ab+ bc+ca=3. lf r > 1,

t.
hen 1 1 1 3

< .
r+czz—}-b2+1"+b2+c2+r+c2~!-a2 “r42
(Pham Van Thuan, MS, 2005)

54. Let a,b,c be positive numbers such that abc =1 Prove that

R WS S 5 o1
1tad (T+63  (Q+cP  (T+a)(1+b)(1+¢ =

(Pham Kim Hung, MS, 2006)

55. Let a, b, ¢ be positive numbers such that abc =1 Prove that

2 3
at+b+c ab+ be + ca

56. If a,b, c are real numbers, then

Fix
52

21 + abe) + /2(1 + a2)(1 + 62)(1 + ) > (1 + a)(1 + b)(1 +¢)
(Wolfgang Berndt, MS, 2006)

57. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
alb+c) , bcte) cath)

a®+bc b t+ca  crtab T
(Pham Kim Hung, MS, 2006)
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58. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
a(b+ c) \/b(c+ a) \/c(a+b)
> 2.
\/;2+bc + b2 + ca + ct+ab ~

(Vasile Cirtoaje, MS, 2006)

59. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
1 1 1 a b c

> .
b+c+c+a+a+b_a2+bc+b2+ca+c2+ab

60. Let a,b,c be non-negative numbers, no two of which are zero Prove

that
1 1 1 2a 2b 2¢

>
b+c+c+a+ a+b ™ 3a2+bc+ 3b2+ca+ 3c? 4+ ab
( Vasile Cirtoaje, MS, 2005)

61. Let a, b, ¢ be positive numbers such that a® + b2 + ¢ = 3. Prove that
5(at b+c)+ 3 > 18
a4 0+c¢ 2be = .

(Vasile Cirtoaje, MS, 2005)

62. Let a,b, ¢ be non-negative numbers such that a + b+ ¢ = 3 Prove that

1 + 1 1 < 3
6 —ab 6—bc+6—ca_5
63. Let n > 4 and let ay,ay, ..,a, be real numbers such that

a1+ax+- -+ap >n and a%+a%+ . +aﬁ2n2.

Prove that
max{ay,az,...,a,} > 2.

(Titu Andreescu, USAMO, 1999)

64. Let a,b,c be non-negative numbers, no two of which are zero. Prove

that
a b c >13_2(ab+bc+ca)

b — -
b+ec c+a a+bT 6 3(a?+ b2+ c?)
(Vasile Cirtoaje, MS, 2006)
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65. Lot a,b, ¢ be non-uegative numbers, no two of which are zero. Prove

that
al(btc) bc+a) cAlatbh)

>albic
(Dary Grinberg, MS, 2004)

66. Let a, b, c be non-negative numbers such that
(a+b)(b+c)c+a)=2.

Prove that
(a® + be)(b? + ca)(c? + ab) < 1.

( Vasile Cirtoaze, MS, 2005)
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1.2 Solutions

1. Let a,b,c,d be real numbers such that a® + b% + ¢* + d® = 4. Prove that

S+l +dB <8

Solution. From a? +b% + c? + d> = 4 we get a2 < 4,2 < 2, a*(a —2) <0,

a® < 26%. Similarly, 4% < 2b2, & < 2¢2, @3 < 24*. Thus,
a3+b3+c3+d332(a2+b2+c2+d2)=8.
Equality occurs for (a,b,¢,d) = (2,0,0,0) or any cyclic permutation.
*

2. If a,b, c are non-negative numbers, then

b 3
a3+b3+c3—3abc22( ;c—a) .

Solution. By the AM-GM Inequality we have a3 + b3 + & > 3abe.

b+c o b+ e
——a <0, the inequality is trivial. Consider now —5——a > 0. Let

3
E:a3+b3+c3—3abc—2(b;c—a) .
Setting b = @ + 2z and ¢ = a + 2y, we obtain

E = 12a(:z:2 — 2y + y2) +6(z+y)(z — y)2 =

26(:r+y)(x—y)2=g(b+c—a) (b—c)2>0.

Equality occurs when either (a,b,c) ~ (1,1,1) or (a, b,c) ~(0,1,1)
*

3. Let a,b,c be positive numbers such that abc = 1. Prove that

a+b-|—c> s/a? + b2 4 c2
3 - 3 '

If
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First Solution Write the inequality in the homogeneous form
(@a+ b+ c)® > 8labe(a® + b% + ¢?)
In order to eliminate the product abc, we can use the known inequality
(ab + be + ca)? > 3abe(a + b+ ¢),
which is equivalent to
a2(b—c)? + b (e—a)? + A(a—b)2 >0
Thus, we still have to show that
(a+ b+ c)® > 27(ab -+ be + ca)?(a? + b2 + 7).
Setting S=a+ b+ cand Q = ab+ bc + ca yields
(a+b+c)® —27(ab + be + ca)(a® + b* + c*) =
= §6 —27Q%(S? —2Q) = (S* - 3Q)%(S* + 6Q) > 0.
Equality occurs fora=b=c=1
Second Solution In order to prove the homogeneous inequality
(a+ b+ e)® > 8labe(a® + b? + ¢?),

we may give up the constraint abc = 1 and assume that a + b + ¢ = 3. For
a + b+ ¢ = 3, we must show that the expression

E(a,b,c) = abc(a® + b* + ¢?)

is maximal for @ = b = ¢ = 1. For the sake of contradiction, assume that
E{a,b,c) is maximal for a triple (a,b, ¢} with b # c. To finish the proof it
suffices to show that

E(a,b,c) < E (a,é—ﬁ b+c)

2 72
Indeed, we have

2 4
E (aégE , 9%9) —E(a,b,c) =a3l(%f) —bc]+a [2 (9%9) —bc(b2+62)]=

4

1l g, 2,1 .
Za(b c) +8a(b c) >0
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*

d. Let a, b, c be non-negative numbers such that ad + b3 + 3 = 3. Prove that
a*h? + bict + ctat < 3.

Solution (by Gabriel Dospinescu). By the AM-GM Inequality, we have

BBl _4—a3

be <
€= 3 3

Then,
bt < 4b3c3 — a3b3e3
- 3

and, similarly,

313
at < 4c3a3 — a3b3cP aft < 4a3b3 — a®b3c3 .
3 3
Summing up these inequalities yields
3b3 3.3 3.3
4(ab® + b°c +ca)—a3b3c3.

a*h? + biet + clat < 3

Thus, it suffices to show that
4(a3® + 63 + 3a3) — 3a33° < 9,
which is just the third degree Schur’s Inequality
d(zy+yz+2z)(z+y+2)—9zy2 < (z+y+ 2)°
for z = a®, y = b3, 2 = ¢®. Equality occurs fora=b=c = L.
*
5. If a,b, c are non-negative numbers, then
a’?+ b2 +c?42abc+1 > 2(ab + bc+ ca).

Solution. Among the numbers 1 —a, 1 — b and 1 — ¢ there are always two
of them with the same sign; let us say (1 — #)(1 — ¢) > 0. We have

a2+b2+c2+2abc+1—2(ab+bc+ca)=
= (a—1)*+ (b—c)® + 2a + 2abc — 2(ab + ca) =
=(a—1)*+(b—c)2 4+ 2a(1 = b)(1 —¢) > 0.

Equality occurs fora=b=c=1.
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*

6. If a,b,c are distinct real numbers, then

2 b2 2

a N + c > 9
(b—c)? " (c—a)?  (a—bP "7
Solution. Using the well-known identity
be + ca ab _1
a—B(a-c b-ab-a c—aec—0b)
we have
a? N b2 N e ( a b c )2
(b—e)2 " (c—a)? " (a—1b)? b—ete—atay) *
4 2bc 2ca 2ab .
(@a-ba—c) (b—c)(b—a) (c—a}c—b)
a b c \?*
= >
(b—c c—a+a—b) +222
The equality occurs only in the case
a b c
b—c+ c—a+a—-b_0'
*

7. If a, b, ¢ are non-negative numbers, then

(a2 —be)vVb +c+ (b2 —ca)v/e+a+ (2 —ab)va +b>0.

First Solution Letting b+ ¢ =222, c+a=2y* and a + b = 222 (z > 0,
y > 0, z > 0) yields

a=—xtt+yi+ 22, b=x—1y*+2% =22 2 - 2~
The inequality transforms into

xy(23 +1°) +y2(yd +2°) +zz(+23) > L@ +y)+y e (y+2) + 2222 (2 ).

Since zy(z3 + v3) — z2%(z + ¥) = z¥(z + y)(z — y)*, we may write the
inequality in the form

2y(z +¥)(z - v) +yly + Dy — 2 + 22(z )z —2)? 20,
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which is clearly true. For a > b > ¢, equality occurs when either

(a,b,¢) ~ (1,1,1) or (a,b,c) ~ (1,0,0).

Second Solution. If two of a,b, ¢ are zero, then the inequality becomes
equality. Otherwise, we write the inequality in the form

(a? — be)(b + ¢) N (62 — ca)(c + a) N (c2 — ab)(a + b)

>0,
vb+c ve+a va+b -
or X Yz _,
Vb¥ce Veta Vatb T
where

X =(a*—bc)(b+c), Y = (b* —ca)(c+ a), Z=(c* —ab)(a+b).

Consider now, without loss of generality, that a > b > c¢. It is easy to check
that X +Y + 2 =0, X >0and Z <0 Therefore,
X N Y N Zz X _X+Z+ Z
Vb+e Veta Vatb Vhb+c Vete Va+b o
1 1 1 1
SIS N
b+c c+a (=2) ve+a a+b/ T

Third Solution. Write the inequality as

A(a® — be) + B(b? — ca) + C(c? — ab) >0,
where A= +b+e¢, B=+/c+aand C=/a+b We have

22A(a2—bc)=2A{(a—b)(a+c)+(a—c)(a+b)]:
=Y Ala—b)(a+c)+ Y Blb—a)(b+c)=
=3 (a~b)[A(a+c) = Blb+c)] =

A%(a+¢)? — B(b + ¢)?
=2 (a-9) Ala+¢) + B(b +¢)

_(a=b)*(at+ )b+
-2 Aaro+ Bt 20

where " is cyclic over a,b,c.



20 1 Warm-up problem set

8. Ifa,b,c,d are non-negative real numbers, then

a—2=b + b—rc + c—d d—-a >0
at2%+tc broctd ctrodtadts2arb=

Solution, Write first the inequality as
a+2b+c + 2] —

3a+c
§—>
a+2b+c‘4

By the Cauchy-Schwarz Inequality, we have

or

E da+c S [Z(3a+c)]2

a+2b+c™ Y (Ba+c)at2b+c)

Since
Z(Ba—{- ca+2b+c)=4(a+ b—!—c—{-d)2
and \
3 (Ba+0¢)]" —16(a+b+c+d)?,
we get

Z 3da-t-c > 4
at+2b+c
Equality occurs for a=c and b= d.
*
9. Let a,b,c be non-negative numbers such that
A+ +ct=a+b+e.

Prove that
a?b? + b2c% 4 c*a? < ab + bc + ca.

Solution (by Michael Rozenberg) By squaring, from the hypothesis
condition we get

ot + 04+t —a? — b —c? =2(ab+be+ ca — a’b® + b2c? + c*a?).
Therefore, the required inequality is equivalent to

a4+b4+c’42a2+b2+62.
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The homogeneous form of this inequality,
(@a+b+c)(a* + b3 + ) > (% + b7 + ¢2)3,

follows immediately from Holder’s Inequality.

Equality occurs for (a,b,¢) = (1,1,1), for (a,b,¢) = (0,0,0), for
(a,b,¢) = (0,1, 1) or any cyclic permutation, and also for (a, b, c) = (1,0,0)
or any cyclic permutation

10. Let a,b, c be non-negative numbers, no two of them are zero. Then,

a? b2 c?

> 1
a2+ ab+ b? +1)2—{—bc-1—c2 +c2+ca+a2 =
Solution. Let A =a?+ab+ b2, B=0b2 4 be+c?and C = c? + ca+ a®? We

have
(1+% é’)(A %*‘Cg“l):
=Z; 2b2+c _Zl:
=Z(; ) ZLE_”C_*_C_ZA
(55 o)

from which the desired inequality follows. Equality occurs only for a = b = ¢.

*

11. If a,b, ¢ are non-negative numbers, then

a® b3 3
—_ —— > 1.
a3+(b+c)3+ b3+(c+a)3+ c3—{—(a—{—b)3"1

Solution. By the AM-GM Inequality, for z > 0, we have

/__1+x3:\/(1+$)(1_x+x2)_<_(1+x)+(1—x+x2):1+;’f_

Consequently, for a > 0 we get

3
a B 1 . 1 1

= > o=
3+(b+c)3 b+C3“1 1 b+c2—l+b2+62
1+( . ) +§ s a2

2

a
a? b24 2
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The obtamned inequality is clearly true for a = 0 as well. Analogously,

b3 S b? 3 S c*
Bi(cta)P = a?+b2+ 2’ S+(a+bP T a2+ +c2

Adding up these inequalities, the conclusion follows Equality occurs only
fora=b=c

*
12. Let a,b,c be positive numbers and let
E(a,b,c) = ala - b){a—c)+ b{(b—c)(b—a)+ c(c— a)(c—-b).

Prove that:
a) (a+ b+ ¢)E(a,b,c) > ab(a — b)% 4 be(b— ¢)? + ca(c — a)?;

b) 2(%-% %+ %)E'(a,b,c) >(a—b)2 4+ (b—c)?+ (c—a)?
Solution. a) Using the Schur’s Inequality z a?(a—b){a —c) > 0, we have
(a+b+c)E(abe)=Y a*la—b)(a—c)+ Y alb+c)la—b)a—c) 2
>Y a(b+c)(a—b)a—c)=) abla—b)(a—c)+ Y cala—b)la—c)=
=3 abla—b)(a—c)+ ) ablb—c)(b—a) =" ab(a—b)?
b) Since
(ab+bc +ca)) a(a—b)la—c)=
=S abc(a—b)(a—c)+Y_(ab+ac)a(a—b){a—c) =
= abc(a® + b% + c2—ab—bc—ca)+ ) _ be[b(b — c)(b— a)+c(c — a){c—b)] =
= %ach(b—— )2+ 5 be(b + c— a)(b—c)?,
the inequality is equivalent to
Y be(b+c—a)(b—c)* 20
Without loss of generality, assume that @ > b > ¢ Then,
Z be(b+ ¢ —a)(b—¢)? > be(b+c—a)(b— )% + acla + ¢ — b)(a — c)? >

_>_bc(b-{-c—a)(b—c)2+ac(a+c_b)(b_c)2=
=c(b—c)* [(a— b +c(a+b)] 20
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The both inequalities become equality for (a,b,¢) ~ (1,1,1). Notice that
the first inequality is valid for any non-negative a, b, c and becomes again
equality for {a,b,c) ~ (0,1,1) or any cyclic permutation.

*

13. Let a,b,c and z,y, z be real numbers such thata+2 >b+y>c+22>20
and a + b+ c= x4y + 2. Prove that

ay + bx > ac+xz.
Solution. We have

ay+br—ac—zz=qa(y~c)+z(b—2)=ala+b~z~-2)+2(b—2) =

=ala—z)+(e+z)(b—2)=

= S(a=2)* 4 5 (¢ ~2) + (at 2)(b—2) =
:-;-(a—-:c)2+é(a+:r)(a+2b—:r—-2z)—-—'
= %(a—m)2+%(a+x)(b—c+y——z)20,

from which the required inequality follows. Equality occurs fora =z, b = z,
c=yand2x>y+2>0.

*
1
14, Let a,b,c € [f;.’ 3] . Prove that

a+b+c
a+b b4+ec cH+a

7
> —.
-5

Solution. Denote

a + b 4 c
a+b b+c c+a’

E(a,b,¢) =

and assume, without loss of generality, that a = max{a,b,c}. We will show
that

WL~

E(a,b,c) > E (a,b,Vab) >
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We have

E(a1b1 C) - E (a! b'.' ab = o + ¢ - 2\/-5 =
b+c c+a Ja+vb

(AR (VaE-9'
(Va+vb) (b+c)(c+a) ~

. a 1
Let now x = \/; From a,b,c € [§,3],we get z < 3. Hence,

2
E(a,bvVah) — - = —2 4 Wb T 2 2 T
Ja+vb 5 zP+1 z+1 5

5 a+b
_ 3— 7 + 8z% — 213 B (3“$)[$2+(1-—x)2] >0
To5(z4-1)(z2+1) 0 S(z+1)(=241) T

i
Equality occurs for (a,b,c) = (3, 3 1) or any cychc permutation.

*
15. Let a,b,c and x,y,z be non-negative numbers such that
at+bt+cec=x+y+z
Prove that
az(a +z) + by(b + y) + ez{c + 2) > 3(abc + Tyz).
Solution. Applying the Cauchy-Schwarz Inequality to the triples
(avZ,by/F,cvz) and (Vo2 vz, VZU),

we get
(@%z + by + c22)(yz + zz + zy) > zyz(a + b+ c)?

This implies together with
(a-{-b+c)2 = (:r:-{—y-{—z)2 > 3(zy + yz + 2x),

that
a’z + b2y + z > 3zyz

Similarly,
az? + by® + e2° > 3abe

Adding up these inequalities yields the desired result.
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*
16. If a,b, ¢ are non-negative numbers, then
4(a + b+ ¢)® > 27(ab? + be? + ca? + abe)

Solution. Without loss of generality, suppose that a = min{a,b, c}. Setting
b=a+zandc=a+y (z =0,y > 0), the inequality reduces to

9(:7:2 —zy + y2)a + (22 ~ y)2(I +4y) > 0,

which is obviously true. Equality occurs for (a,b,¢) ~ (1,1,1), and also for
(a,b,c) ~(0,1,2) or any cyclic permutation

*

17. Let a,b, c be non-negative numbers such that a + b + ¢ = 3. Prove that

1 1 1
>
2a2+1 2?1 BeaZil >

1.
Solution. The inequality is equivalent to

ab? + be? 4 ca® + 1 > 4a*h3AE.
By the AM-GM Inequality, we have

ab?® + bc? + ca’® > 3abe,

and )
| = (:b_+e) > abe.
3
Then,

ab® +bc® 4 ca? +1-4a%03 > 3abe+ 1 — 4a*h3c3 = (1—abe)(1 4 2abc)? > 0.
Equality occurs fora =b=c = 1.
*

18. If a,b, ¢, d are positive numbers, then

{ 1 1 1 4
>
2rab B ibe  Picd  FidaZacibd
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Solution. Write the inequality as follows

ac + bd
>
(a2+ab )“8’
c+a bld+a)
Z[a+b a(a+b]“>‘8’
b(d+a)>8

c+a
) e D oy
By the AM-GM Inequality, we get

Z:b(d+a,)ﬁ_b(d+a) cla+b) d(b+c)+a(c+d)
ala+b)  ala+b)  blb+c) elc+d)  d(d+a)

Therefore, it remains to show that

c+ a
Z:a+b‘>'4

>4

We have

Zc+adc+a+d+b+a+c b+d
at+b a+b bdec c+d dta

=(a+c)(m+c+d)+(b+d)(a~l+ +bi‘3).
11 4 L

Si > } >
e ot i Gt erd et d b i (at )+ (b+0)

=N

we get

Z:c-{-a> 4(a + c) Ab+d)
a+b~" a+b+ct+d a+btc+d
Equality occurs fora=b=c=d

*

1
19. Ifab,c € [75\/5] then
3 3 3 > 2 2 2
a+2b+b+2c+c+2a_ a+b+b+c+c+a'

Solution. Write the inequality as follows

3 2 1 1
Z(a+2b——a+b+5—@)‘>’0’
(a—b)%(2b— a)
ZGab a+ 2b)(a+b) —
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Since 9
—a>——+2=0,
T V2
the inequality is obviously true Equality occurs for a = b = ¢
*

20. Let a,b,c be non-negative numbers such that ab+ be + ca = 3. Prove

that ! ! {

<1
12 2t Ee s
Solution. The inequality is equivalent to

a’b? + b e + cfa? + a?b®c? > 4.
By setting bc = z, ca = y and ab = z, we have to show that
2 4yt 4 2% 4 zyz > 4,

for z,y,z > O such that z + y + z = 3. Assuming that z = min{z,y, z},
z < 1, we have

:1:2+y2+z2+:ryz—4:121—(y+z)2+yz(:c——2)—42

1
2x2+(y+z)2+Z(y+z)2(fc—2)—4:

g T H+2

o TH2
+4

:%(:c—l)Q(x+2)20

(3—z)2 -4

(y+2)°~d=2

Equality occurs fora = b=c=1.
*

21. Let a,b,c be non-negative real numbers such that ab+bc+ca = 3. Prove

that
1 1 1 3

> —.
a?+ 1 +b2+1 +c2+1 2
First Solution. By expanding, the inequality becomes

a4+ b2 4 2 +3> a’b? + b2 + c*a® + 3a?ble?,
By the AM-GM Inequality, we have

(a+ b+ c)(ab+bc+ca > 9abe,
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that is
a+b+c>3abe

Thus, it suffices to show that
a + b2 4 c% + 3 > a?b® + b2c? + c%a® 4 abc(a+ b+ ¢)
This inequality is equivalent to the homogeneous inequality
(ab+bc+ca)(a2+b2+cz)+(ab+bc-{-ca)2 > 3(a2b2+b2c2+c2a2)+3abc(a+b+c).
We may reduce this inequality to
ab(a? + b2) + be(b? + 2) + ca(c? + a?) > 2(a?? + b%c? + Fa?),
or
ab(a — b)? + be(b— ¢)? + ca(a — b)* > 0,
which is clearly true Equality occurs for (a,b,¢) = (1,1,1), and also for
(a,b,c) = (0, v3,V/3) or any cyclic permutation
Second Solution (by Ho Chung Siu). Without loss of generality, assume
that a = min{a,b,c} From ab+ bc+ ca = 3, we get bc > 1 On the other
hand, from the known inequality

1 1
(ab+bc+ca)( b+E+—)29’

we obtain a + b + ¢ > 3abc The desired inequality follows now by summing
up the following inequalities.

1 1 S 2
b2+1+ 241 " bt 1’
1 1 3
241 T hkeriZd
We have
1 1 2 b(c—b) c(b-c)

b 41 tEF1 bl (b2 + 1){bc + 1) + (c2 + 1)(bc+ 1) -
(b= c)%(bc—1)
T2+ 1)+ )(be+ 1) T

and

1 1 3  a®—bc+3—3a%c _ a(a+ b+ c— 3abe)
Z11 bl 2 a4 be+1) | 20+ 1)(bec+1)
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*

22. Let a,b,c be non-negative numbers such that a? + b + ¢2 = 3. Prove

that ;
a ¢ < L

12 ter2 T ar2 =

Solution. By expanding, the inequality becomes

ab® 4 bc? + ca® < abe + 2.
Without loss of generality, assume that
min{e, b,c} < b < max{a,b,c}
Under this assumption, we have

2 —ab? — bc — ca® 4 abc = 2 — ab? — b(3 — a® — b?) — ca? 4 abc =
= (b° — 3b+ 2)— a(b? — ab+ ca - bc) =
= (b= 1)*(b+2)~a(b—a)(b—c) > 0.

Equality occurs for {(a,b,c) = (1,1,1), and also for (a,b,c) = (0, 1,\/5) or
any cyclic permutation.

*

23. Let a,b, c be positive numbers such that abc = 1. Prove that

a—1 b—1 ¢—-1
a)b+c+a20;

a—1 b-—1 cﬂ1>
b+c+c+a+a+b_

b) 0.

Solution. a) Write the inequality as
ab® +bc* +ca?>a+b+e
Applying the AM-GM Inequality, we get

3(ab? + be? + ca?) = (2ab® + be?) + (2bc? + ca®) + (2ca? + ab?) >
> 3Va2b5¢? 4+ 3Va2b2c5 + 3V a5bic? = 3(b+c+ a).

We have equality fora = b=c = 1.
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b) Write the inequality as follows
S (a—1) [a® + (ab+ be + ca)] 2 0,
Zaa—-Za? +(a+b+c—3){ab+bc+ca)>0

Since a + b + ¢ > 3 (by the AM-GM Inequality), it remains to show that
Z a® — Za2 > 0 We can obtain this inequality applying the AM-GM
Inequality in this manner

0y ® =Y (7T + B+ *) = 3 9Va? b33 =95 d?
*

24. Let a,b,c,d be non-negative numbers such that a®?—ab+4-b? = ¢ —cd+d-.
Prove that
(a +b)(c + d) > 2(ab + cd).

Solution. Let z = a2 — ab 4 b2 = ¢® — cd - d*> Without loss of generality,
suppose that ab > ¢d We have z > ab > cd and

(a+b)2 =z +3ab, (c+d)?=z43cd
By squaring, the desired inequality becomes
(z + 3ab)(z + 3cd) > 4(ab + cd)?
Since = > ab, we get
(z+3ab)(z+3cd)—4(ab+cd)? > dab(ab+3cd)—4(ab+cd)? = dcd(ab—cd) > 0.

Equality occurs for (a, b,c,d) ~ (1,1,1,1), and also for (a,b,c,d) ~ (0,1,1,1)
or any cyclic permutation.

*
95. Let a;, a3, ,an be positive numbers such that ajaa  an = 1. Prove
that ! . ! . ) o
14(rn—1a1 14+ (rn—1a 14 (n—1)a, =

n—1 ) _
First Solution. Letr = o The inequality can be obtained by summing

up the below inequalities for i = 1,2,...,n.

-7
1 a;

2~ =
1+(Tl"—1)ai ay +a2 4+ - +4an

r
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This inequality is equivalent to

i’ + - Halite i+ a2 (n- e
which follows immediately from the AM-GM Inequality. Equality occurs
whena; =ay=- =a,=1.

Second Solution. Let
B 1 1 1
T Da it  tTTim-Da
We will consider two cases.

Case 1 — (n ~ 1)2a;a; < O for all i # j. Since the expression E is
symmetric and ajaz. ap = 1, it suffices to show that

E(al,ag, . ,an)

E(a11023a31-- ,an)ZE(17ala27a31 - :ra"n)

for a; <1 and az > 1. If this assertion is valid, then it is easy to prove (by
contrapositive way) that

E(ay,ag,. .,an} > E(1,1,...,1) =1
We have
E(a17027 -7an)_’E(1,a1a2, . ,an)z

n—l_ 1 —aq . 1 —as .1—(n—1)2a1a2>0
n l+(n—1a 14+(n—1)a 14+ (n—1ajaz —

Case 1 — (n — 1)2a;a; > 0 for a couple (i,7) with i # 7. It suffices to
show that

1 1
> 1.
1+(n—1)ai+ 14+ (n—1)a; —

This inequality is equivalent to 1 — (n — 1)2a;a; > 0.

: : : 1
Third Solution Using the substitution a; = — for all ¢, the inequality

Zj
becomes
x| Ty Tn
+ o — > 1
r1+n—1 =204n-—1 Zp+n—1-""7"
where z1,z3,.. ,z, are positive numbers such that z;z,. .2, = 1. By the

Cauchy-Schwarz Inequality, we have

S (VZL+ VE2+ -+ En)

2
i +n—17 Y (z1+n-1) '
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Thus, we still have to show

(VEL+ VT4 +vE) 2nn—1)+3 1,

which is equivalent to

> yam >

1<i<j<n

Since z1x2 T, = 1, the inequality follows immediately from the AM-GM
Inequality

Tiv1

Fourth Solution Using the substitution a; = forall z, where 21,22, ,Zn

t
are positive numbers (2,4, = 1), the inequality becomes

I 4 z2 T In > 1
1+ (n—1zy 22+ (n—1)x3 Tpn+(n— 1z =7
ot T Ty — I Ty — 2
T] — I 2 — I3 n — 21
+ +- -+ >0
1+ (n—1Dxy a2+ (n—1)x3 Zn+(n— D2y ~

We will prove, by induction over n, a slightly more general statement: f
m>n—1, then

T —x2 Ty — I3 In—T1 |4
T+ mxy Te+ M3 In+mz;
For n = 2, we have
T — T2 zo—a;  (m—1)(z;—2)?

T +mzy Ty +may (214 m)(ze +may) T

Suppose now that the inequality is true for n numbers (n > 2), and let us
prove it for n + 1 numbers. We have to show that

)y — T2 2 — X3 In— Tn+l In+1 — 21

.. >0 (1)
Ty + mry r2+m23 In + Mg Tpyl +MT
form>n
Without loss of generality, consider that zp.; = max{zy, T2, ..,ZTn1}

Since m > n implies m > n — 1, we may use the inductive hypothesis.
So, we still have to prove the inequality

In — Tn4+l Tnyl — T > In— X1
ZTp + MTpel Tnel +MT) ~ Tp + M)
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which is equivalent to

(Zp41 — 1) Ty — a:n)(mzzrl —xz,) 2 0.

Since this inequality is true for m?z, > z,, it suffices to prove (1) for

m?z) < 2,. We write (1) in the form

T T2 Tn T+l n+1
i +mzy To + Mmxj Tp + MTps1 Ipyl + MT m+ 1

and see that

Tn Tn+l
Tn + MTnt1  Tney + mTy
14 Tni1(Tn — m?21) S n+1 .
(mn + mxn-{—l)(mn-{-l + mzy) —m+1

Fifth Solution Suppose that the desired inequality is false, and then show
that the hypothesis ajas ..a, = 1 does not hold. Actually, we will prove
that if

1 1 1

+ R
1+ (n—1ay 1—{—(71—1)(12+ 14+ (n—1)an

<1,

1

then ajas...a, > 1. To do this, let z; = T+m-Da

fori=1,2,...,n.

1 —z;
z for all 1. So we have to show that

Note that 0 < z; < 1 and a; = ——
(n— 1)27,

Ty +z2+ -+ x5 <1 implies
(l—z)1—22) . (1—2z,)>(n— D'z120. .2p.

We can easily prove this inequality using the AM-GM Inequality Indeed,
forall k=1,2,...,n, we have

1—x > ij >{(n—1) . H:rj.
j#k itk

Multiplying these inequalities, the conclusion follows.

*
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26. Let a,b,c,d be non-negative real numbers such that a®>+b*+c? +d? = 1,
Prove that
(1—a)(1 —b)(1—c)(1—d) > abed.

Solution. The desired inequality follows by multiplying the inequalities

(1—a)(1-b) > cd,
(1—c)(1—d) > ab

With regard to the first inequality, we have
ded < ¢ +d* =1—a? — b7,
and hence,

21— a)(1 —b) — 2cd 2‘2(1—a)(1—b)—1+a +b? =
(1—a—b)2>0

The second inequality can be proven similarly.

11 q
,2-2-> arn

lOlH
loIH

The given inequality becomes equality for (a,b, ¢, d) = (
also for (a,b,¢,d) = (1,0,0,0) or any cyclic permutation
*

27. If a,b, ¢ are positive real numbers, then

\/ b c+a
First Solution Setting z = \[5 y = \/: and z = \/. the problem

reduces to show that

1 1 1 3v2
> + + 5 < \,)/_ )
Vita? 142 VItz 2
where z,y,z are positive numbers such that zyz = 1. Assuming that

x = max{z,y,z}, which implies yz < 1, the inequality can be obtained
by summing up the inequalities

1 . 1 < 2
\/1+y2 V22~ JT+yz’

2 2

<3\/_.

Vit itz o
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The first inequality can be proven as follows:

2
1 1 1 1 1 1 - y?z
- + < + =1t =
2<\/1+y2 \/1+z2) 1492 1422 (14+y2)( + 2%
1—y%22 2
(14+yz)2 14yz’

With regard to the second inequality, since

<1+

1 < V2
Vi+ze ~ 1+z’

it suffices to show that

:oloo

1+:c V
We have
3 1 2 1+ 3z / 2x 1+33:—2\/9a:(1+:1:)
2 1+2 1+yz 2(1 + z) 1+ac 2(1 4+ z) -

(\/1—{—1:—\/.,3:) S
= 0
2(1 + ) -

This completes the proof. Equality occurs fora=b=c=1

Second Solution (by Mikhail Leptchinski). Applying the Cauchy-Schwarz
Inequality, for any positive numbers z, vy, z we have

\/ \/ \/ +l+l)(2ax 2by+2cz)
a+b b+c c+a_ Yy oz a+b+b+c c+a

Thus, it suffices to show that

1 1 1 2ax 2by ez
Bl T <9,
(:r+y+z) (a+b+b+c+c+a) =9

1 1
Choosing z = PR V=3 —a and z = pows the inequality becomes as
follows
a b ¢ 9

@ib(ate) " Brobta)  (cra)ctd) ~datbia)’
a(b® + c2) + b(c? + a?) + c(a® + b?) > Babe,
a(b—c)? 4+ b(c — a)® + cla — b)? > 0,

the last being clearly true.
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*

28B. If a,b,c,d are positive real numbers, then

2 2
)+ 63d) () () =0

b ¢
Solution. Setting r = Y= Es g and t = d’ the inequality becomes
1 N 1 + 1 N 1 51
(L+2)2  (1+y)? (14272 1+ 77

where z,vy, z,t are positive numbers such that zyzt = 1. This inequality
follows by summing the inequalities.

1 1 1
>
(1+a:)2+(1+y)2_1+xy’
1 1 1 Ty
> = ;
(1+z)2+(1+t)2_1+zt 1+zy
We have
SRS SN S zy(e® +v¥) —z¥y’ 2y +1 _
(1+2)? " (1+y)? 1ty (1 +2)%(1 +9)%(1 +2y)
2

zy(z — y)* + (1 — ay)?
()21 +y)R(1tay) T

and similarly,

1 S 2t(z —t)? 4 (1 — 2t)?
(1+z)2+(1+t)2 142zt~ (L+2)2(14+8)2(1+42t) =

Equality occurs fora=b=c=d.

*

1 1 1
29. Let a,b, ¢ be positive numbers such that a + b + ¢ = . + -+ = I

b
a<b<e, then
ab’c® > 1
Solution. First we will show that a < 1. Indeed, if a > 1, then 1 < a <
b<c¢and

1 1 1 1—a2 1-5 1-¢
a+b+c———=—-— = a + + <0,
a b b
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which is false On the other hand, from ¢ < 1 and
1 1

_1_ Ly,
¢ a (b+¢c) (bc

it follows that be > 1. Similarly, we can show that ¢ > 1 and ab < 1.
Since be > 1, it suffices to show that abe? > 1. Taking account of ab < 1,

we have

-1 (a+b) (i—1) > 2\/@(i—1) :2(—1——\/5) > L _Vab,
¢ ab = ab Vab = Vab

and hence

(=) (1435 20

which gives us abc? > 1. Equality occurs fora =b=c=1.
*

30. Let a,b, c be non-negative numbers, no two of them are zero. Then

a2+b2+c2>a+b+c
24?2 ct4a? a2+ T bic cta a+b

Solution. Adding up the identities

>  a  abla—b)+acla—c)
b2+¢2 b+e (b2+c2)(b+c) ’

b? b be(b—c) 4 ba(b — a)
2+a? c+a (2 +a)(cta)

c? c ca(c — a) + cb(c — b)

2+b2 a+b (a? -+ b2)(a + b)

= c(b— ¢ ! - 1 -
2 befd )[(c2+a2)(c+a) (02+b2)(a+b)]—
be(b — ¢)? S
(a? +82)(a2 + ¢?)(a+ b)(a+c) = -

=(a2+b2+c2+ab—i—bc+ca)z

Equality occurs for (a,b,c) ~ (1,1, 1), and also for (a,b,¢) ~ (0,1,1) or any
cyclic permutation.
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*

31. If a,b, c are non-negative numbers, then

2(a? + 1)(0* + 1)(c* + 1) > (a+1)(b + 1)(c + 1)(abe + 1)
First Solution. For a = b = ¢, the inequality reduces to

2(a +13 > (a+ 1)@ +1)

This inequality is true since

2a® +1)° —(a+ 1%+ 1) =(a-D)*(a® +a+1)>0
Multiplying now the inequalities

3> (a4 1)3(a,3 + 1),
2(b2+1) > (b+ 13 4 1),
3> e+ 133+,

we get
8(a® + 13 (0% + 132 + 1) > (e + 13 (b + 1)3(c + 1)3(® + 1)(B® + 1)(c* + 1).
Using this result, we still have to show that
(@®+ D)3+ 1)(* +1) > (abe +1)°
This inequality follows by Holder’s Inequality
(3 +1)(0° + 1)(3 +1) 2 (VT3S + YT 1-1) = (abe +1)%,
but it can be also invoking the AM-GM Inequality Write the inequality as
(@33 + 83¢® + c®a® — 3ab%c?) + (a® + b3 + & — Babe) > 0

and notice that 363 +b3¢3 +c3a3 > 3a2b2¢? and @3 +b3 + ¢ > 3abe Equality
oceurs fora=b=c=1.
Second Solution (by Marian Tetiva). We will use the substitution

11—z 11—y 1-2
1+2°
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where —1 < z,y,2z < 1. Since

a*+1 2?41 B24+1 i+l 41 241
a+1 z+1" b+1 y+1° c+1 241

and
2zy +yz + 2z + 1)

abe+1= (z+D{y+1)(z+1)’

the inequality becomes

(+ DA+ D)2+ D) > 2y +yz + 2z + 1,
2iy? + y?2? 4 2% 2?4y + 2 > ry +yz 4+ 2n,
1 1 1
2yt +y'2t + 2% 4 (2 - )? 4 Sl -2 (22 20

The last form is clearly true for any real numbers z,y, z. Consequently, the
given inequality is also valid for any real numbers a, b, c.

*

32. If a,b,c are non-negative numbers, then
3(1—a+a?)(1 —b+ b)) (1 —c+ %) > 1+ abe + a?b?c?.
Solution. From the identity
2l —a+a®)(1—b+b%) =14+a?? + (a — )% + (1 —a)?(1 —b)%,
the inequality follows
2(1—a+a®)(1 —b+b%) > 1+ o
Thus, it is crough to prove that
3(1 + a?b?)(1 — ¢+ €?) > 2(1 + abe + a?b?c?).
This inequality is equivalent to
(34 a??)c? — (3 + 2ab + 3a%b)c + 1 + 3a%b2 > 0
It is true because the quadratic in ¢ has the discriminant
D=-3(1-ab)’ <o

Equality occurs fora =b=c¢ = 1.
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*
33. If a,b,c,d are non-negative numbers, then
2
(1—a+a)1—-b+b)(1—c+H(1-d+d*) > (1 +;‘b°d) .

Solution. For a = b = ¢ = d, the inequality reduces to
2(1—a—{—a,2)2 >1 + a?
This inequality is valid since
20—a+a®)?-1-a'=(1-0a)*>0.
Using this result, we have
4(1—a+a®)?(1 —b+b1)2 > (14 a*)(1 +b*).
Since (1 + a)(1 + %) > (1 + a?b?)?, we get
2(1 — a+ a®)(1 — b+ b%) > 1 + a?b?.
The desired inequality follows now by multiplying the inequalities
21 —a+a?)(1 —b+b?) > 1+ a?b?,
21 —c+c?)(1 —d+d?) > 1+ 2d?,
(1 + a?%)(1 + 2d?) > (1 + abed)?
Equality occurs fora=b=c=d =1
*
34. If a,b, ¢ are non-negative numbers, then
(a2 + ab + b?)(B? + be + 2)(c? + ca + a®) > (ab+ be + ca)®.
Solution. We have
4(a? + ab + b?) —3(a+ b)2 = (a - b)* 2 0.
Multiplying the inequalities
4(a® + ab+b?) > 3(a + b)?,
4(b + be + ¢) 2 3(b + c)?,
4(c? + ca+ a?) > 3(c + a)?,
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we get
64(a® + ab + b*)(b* + be + )(c? + ca+a?) > 27(a + b)*(b + ¢)%(c + a)®.
Thus, it suffices to show that
27(a + b)2(b + ¢)%(c + a)? > 64(ab + bc + ca)®.
Since 3(ab + be + ca) < (a + b + ¢)?, it is enough to prove that
81(a + b)2(b + c)*(c+ a)? > 64(a + b + c)?(ab + be + ca)?.

This inequality is equivalent to

a+b)(b+c)(c+a)=8(a+b+c)(ab+ be+ ca),
which reduces to the obvious inequality

a(b —c)? +b(c—a)? + c(a—b)? > 0.

Equality occurs for (a,b,c) ~ (1,1,1), and also for (a,b,c) ~ (1,0,0) or any
cyclic permutation.

Remark Kee-Wai Lau found out the following nice identity-
(a® + ab + b2) (b2 + be + cA)(c? + ca +a®) — (ab + be+ ca)? =
1 2 2, 1 2% 2 2
_§(ab+bc+ca) Z(b—-c) + -é-(a+b+c) Za (b—¢)",
which shows that the given inequality holds for any real numbers a,b,c

*

35. Let a,b,c,d be positive numbers such that abed = 1. Prove that

1 1 1

< 1.
14+ ab+4bec+ca + 14+bc+cd+db + 14+cd+datac + 1+da+ab+bd — !

Solution. We have

1 1 1. 1 1 1 -
-t > =
ctrt 2ttt o = Via(Va+vh Ve,
whence
ve+ Vb + /e

ab+ bc+ ca >

Vd
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and
1 vd
1+ab+bc+ca Ve+Vb+ e+ Vd
Similarly,
1 Va
1+bc+cd+dc Va+Vbh+e+Vd'
1 < vb
1+cd+datac™ Ja+Vb+Je+Vd’
1 NG

1+da+ab+bd Va+vVh+ e+ Vd

Adding up these inequalities yields the conclusion. Equality occurs for
a=b=c=d=1.

*

36. Ifa,b,c and z,y, z are real numbers, then

4(a? + %) (6% + ¥?)(c* + 2°) > 3(bex + cay + abz)?.
Solution. By the Cauchy-Schwarz Inequality, we have

(a? + z7) [(cy + b2)* + b°¢?] > [a(cy + b2) + bex)?.
Thus, we still have to show that

4(b% + y2)(c? + 22) 2 3 [(ey + bz)? + 677
This inequality reduces to
(cy — b2)? + (be — 2y2)° 2 0,

which is clearly true. In the case abe # 0, equality holds for

I
ol N
I

SES

&R
]
o
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37. Ifa>2b>c>d>e, then
(a+b+c+d+e)? > 8(ac+ bd + ce).

For e > 0, determine when equality occurs.

Solution. We have

(a+b+c+d+e)?—8ac+ bd+ce) =
=(a+btc+dte—4c)®+8(a+b+c+d+e)c—16c2—8(ac+ bd + ce) =
=(a4+btc+dte—4c)2+8(b—-c)c—-d)>0.

From here the desired inequality follows. Equality occurs for either

a+d+e at+bte

b=c= — —orc= d = —5 For e > 0, the equality condi-
. at+b+te : . .
tionsc=d=———yielde =0and a = b = ¢ = d Since this case is
included in the first equality case, we can conclude that equality occurs only

at+d+te
forb=c¢c= ——.

2
*

38. Ifa,b,c,d are real numbers, then
6(a® + 82+ P+ &) + (a+ b+ c+d)? > 12(ab + be + cd).
First Solution. Let
E(a,b,c,d) =6(a® + b+ c* + d°) + (a + b+ ¢ + d)? — 12(ab + be +- cd).
We have

E(zta,z+bz+c,z+d) =4z +4(2a —b—-c+ 2d)z+
+7(a® + 6% + ¢ + d%) + 2(ac + ad + bd) — 10(ab + be + cd) =
= (22 + 2a — b —c + 2d)*+

+3(a® +26° + 2¢% + % — 2ab + 2ac — 2ad — 4bc + 2bd — 2cd) =
=2z +2a—b—-c+2d)? +3(b—c)®+3(a—b+c—d)

For z = 0, we get

E(a,b,c,d) =(2a—b—c+2d)2-{—3(.!;-—c)2 +3(a-b+c—-d)?>0.
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Equality occurs for2a =b=c = 2d

Second solution Let a =b+ x and d = ¢+ y. We have

E(a,b,e,d) = 6(z® + ) + [z +y +2(b+ c)*|* — 12bc =
= 3(z—y)? + 4(z+y)? + 4z +y)(b+¢) + (b+c)* +3(b—c)® =
=3z —-y)°+ 2z +2y+b+c)’+3(b—-c)? >0

*

39. If a,b,c are positive numbers, then

\/(a+b+c) (% 1 % +%) >1+ \/1 + \/(a2+62+c2)( 5+ ,,12 t3 )

Solution. (by Gabrel Dospinescu). Using the Cauchy-Schwarz Inequality,

we have
(S (1) - J(Zamzr»c)(z +2% ) >
(£ (S ) +2 (50 () -
=\F2a2 ; +2\/(Za) (2-2 ,

and hence

(\/(Za) (T1)- 1)2 > 1+\[(Za2) (T L),

From this mequality, the conclusion immediately follows. Equality occurs if

(Fe?) ()= (X 5) (T,

which is equivalent to

and only if

(@® — be)(b? — ca)(c? — ab) =
Consequently, equality occurs for a2 = be, or b = ca, or ¢? =ab

*
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40. If a,b,c,d are positive numbers, then

1 1 1 1 1 1
. 2 2 2 — ) =2> (_ _ _)_
54 \/Q(a +b +c)( tpts ) 2>(a+b+c) -+t
e b ¢ b ¢ a
Solution. etz = -+ -4+ — andy = —+ -+ —. We have
b ¢ a a b ¢
1 1 1
(a+b+c)(—+—+—)=m+y+3
a b ¢
and
1 1 1
2, 524 A2 —
2(a® + b +C)(;+b_2+?)_2_-
a?  p* P ¥ ? a?
= 22" -2+ 200"~ 20) +d=(z+y-2)" + (z - y)* 2 (z + y - 2)°
Therefore, i

11 11 1
2 2 2 — —9 = - -— N
\/Q(a FP ) () ~22ahy=2 (a+b+c)(a+b+c)

Equality occurs if and only f a = b,orb=c,orc=a

*

41. If a,b,c,d are positive numbers, then
a—b+b—c+c—d+d—a>0
b+c c¢c+d d+a a+b”

Solution. We have

a—b c¢c—d a+4c a+c
b+c+d+a_b#c+d+a

1 1
_2_(a+c)(b+c+d+a)_2'

Since
1 1 4

>
b+c+d+a_ (b+ec)+(d+a)’

we get

a—b c—d> 4(a + ¢)
b+c d4+a " a+b+c+d
Adding this inequality to the similar inequality
b—c+d—a> Ab+d)
c+d a+b " a+b+c+d

1
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we find the desired inequality Equality holds if and only if a = c and b = d.

Congecture. If a,b, ¢, d are positive numbers, then

a—b+b—c+c—d+d—e+e—a>0
b+c¢c c+d d+e e+a a+bdbT

*

42, If a,b,c > —1, then

1+4a? 1482 14 c?
7+ 5+ =
1+b+¢ l14+c+a 14+a+b

2

. o o 10
Solution. Wehave 1+b+c¢*>14b>0,14+b+c° < +1+4¢c% and

2

hence

1+ a? S 2(1 + a?)
1+b+c? T 1462+2(14+¢2)

Setting z =1+a?, y =14 b, z=1+¢?, it suffices to show that

R TS
y+2z z4+2x z+2y T
Using the Cauchy-Schwarz Inequality, we have
ST T S TT S
y+2z 242z 42y T z(y+22) +y(z+2z)+ 2(z + 2y)
_ (zty+2)
3zxy +yz+2x) —

Equality occurs if and only ifa =b=c=1.
*
43. Let a,b,c and z,y,z be positive real numbers such that
(a+b+c)(z+y+z)=(a®+b*+ ) +y*+2°) =4

Prove that

aberyz < T
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Solution. Using the given relations and the AM-GM Inequality, we have

4(ab + bec + ca)(zy + yz + 2z) =

[(a+b+c)2—(a2+b2+c2)] [(:r+y+z)2—(mg+y2+z2)] =
20— (a+b+e)}(z+y¥ +2Y) —(z+y+2)(a® 4+ +P) <
20 - 2(a+ b+ c)(z +y + 2)/(a® + b2 + ¢2)(z2 + y? + 22) = 4,

fl

I

IA

therefore
(ab + be + ca)(zy + yz + 2z) < 1.

On the other hand, multiplying the well-known inequalities

(ab + bc + ca)? > 3abe{a+ b+ ¢),
(zy + yz + 22)° > 3zyz(z + y + 2),

we get
(ab + be + ca)?(zy + vz + zz)* > 36abezye.

Thus,
1> (ab + be+ ca)?(zy + yz + 2z)? > 36abezyz.

To have 1 = 36abexyz, it is necessary to have (ab+bc+ca)? = 3abe(a+b+c)
and (zy + yz + 2z)? = 3zyz(z 4+ y + z). But these equalities imply a = b = ¢
and £ = y = z, which contradict the hypothesis

(a+b+c)(zt+y+2)=(a®+b*+) (2 +y° +22) =4
Consequently, we have 1 > 36abczyz

*
44. Let a,b, c be positive numbers such that a? + b2 + ¢? = 3. Prove that

a2+ B4t c?4 a2
a+b b+ ¢ c+a

> 3.

Solution. Write the inequality as follows
¥+ b+e
s (=9 (@0t (b= 4 (c—aP
2b+¢c) ” \/3a?+ b2+ +a+btc
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Since /3(aZ + b2 + c2) > a+ b+ c, it suffices to show that

(b —c)? (a—-b)2+(b—-c)2+(c—a)2-

>
2(b+c) — 2(a+b+c)
This inequality is equivalent to:
S a4 (b—c)? >0,

b+c

which is clearly true Equality occurs fora =b=c¢=1.

*

45. Let a,b,c be non-negative numbers, no two of which are zero. Prove that

1 1 1 3
> ]
a2+bc+b2+ca+c2+ab_ab+bc+ca

Solution. Since
ab+bctca a(b+ c—a)

a?+be T e
we may write the inequality as
a(b+c—a) + b(c+a—1b) + cla+b-c)
a? + be b2 + ca c? + ab

>0

Assume that a < b < c. Since b+ ¢ — a > 0, it suffices to show that

blcta—b) clatb—c)
>0
b2 + ca c2+ab T

This inequality is equivalent to
(6% + ®)a® — (b + c)}(b® — 3bc + ¢®)a + be(b —c)* 2 0.
It is true because

(6% + ¢*)a? — (b+ c)(b® — 3bc + c*)a + be(b — ¢)* =

= (b2 + ¢ — 2be)a® — (b + c)(b? —2bc + c*)a + be(b—c)? + abe(2a + b+ ¢) =
= (b—c)*(a—b)(a—c)+abc(2a+b+c) >0

Equality occurs for {(a,b,c) ~ (0,1,1) or any cyclic permutation.

*
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46, Let a,b, c be non-negative numbers, no two of which are zero. Prove that

1 1 1 3
> .
b% — be + ¢2 +c2—ca+a2 +a2—ab+b2 ~ab+4bc+ca

Solution. Denote

Ela b _ab+bc+ca ab+bec+ca ab+bcHca
(a, ’C)_bz—bc+c2 2 —ca+a?  a?—-ab+4 b2’

We first assume that a < b < ¢, and then show that

E{a,b,c) > E(0,b,c) > 0.

We have
_a(btc) a(c?+2bc—ab) = a(b?+2bc—ac)
E(a,b,c)—E(0,b,¢c) = bt & Z ot bt 2
a(b+¢) a(bc — ab) a(bc — ac) >0
“b2—bc+c? cP—cata? a?—ab+d2 T
and
be b ¢ (b —c)?
8= 424 g
E(0,b,¢) b2 — bc + c? + c+b be(b? — be + ¢?)
Equality occurs for (a,b,¢) ~ (0,1, 1) or any cyclic permutation.
*
47. Let a,b, c be positive numbers such that a + b+ ¢ = 3. Prove that
12

b _>5
ac+ab+bc+ca -

Solution. By the third degree Schur’s Inequality
(a+b+c)®+9abe > 4(a + b+ c)(ab + be + ca),

we get 3abc > 4(ab + be + ca) — 9. Thus, it suffices to show that

36
4(ab + b - —_ > 15,
(ab + be + ca) g+ab+bc+ca_15

This inequality is equivalent to
(ab+ bc + ca —-3)% > 0,

which is clearly true. Equality occurs for (a,b,¢) =(1,1,1 .
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*

48. Let a,b,c be non-negative numbers such that a? + b? + ¢ = 3. Prove
that

12 + 9abe > T(ab + be + ca).

Solution. Let s =a 4 b+ ¢. Since

(a+b+c)?—(a®+b2+c?) s*-3

b = =
ab+bc+ ca 5 5

the inequality becomes
45 + 18abc — 752 > 0.
On the other hand, by Schur’s Inequality

(a+b+c)® 4+ 9abc > 4(a + b + c)(ab + be + ca),

we get
53 + 9abc > 2s(s® — 3),
that is
9gbc > 53 — 6s.
Then,

45 + 18abc — 7s? > 45 + 2(s3 — 6s) — 7s% = (5 - 3)%(25 + 5) > 0.

Equality holds if and only if (a,b,c) = (1,1,1).

Remark. From the proof above, the identity follows for a?+ b+ =3

5
124+9abc—T(ab+bctca) = a(a—b)(a—c)+(a+btc—3)* (a +b+c+ §) :

*

49. Let a,b, c be non-negative numbers such that ab + bc + ca = 3. Prove

that
a3 + b + & + Tabe > 10.

Solution. Let s = a + b+ ¢. From the well-known inequality

(a+ b+ c)? > 3(ab+ bc+ ca),
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we get s > 3. Since

A+ 4+ =3abc+ (a+b+c)*—3(ab+ bet ca)(at+b+c)=
= 3abe + % — 9s,

the inequality becomes
10abc + 3 — 9s — 10 > 0.
This inequality is true for s > 4, because
$2—95-10>165-9s—10=75—-10>0
Consider now that 3 < s < 4. By Schur’s Inequality
(a+ b+ c)® + 9abe > 4(ab + bc + ca)(a + b + ¢),

we obtain
9abe > 125 — s°.

Thus, we have

> 10(12s — s%)

10abc+53—93—10__ +583-9s5—10=
_ —5%439s—90  (s—3)(30 —s%—3s)
= 5 = 3 =
—3) (16 — 5?) + 3(4 — 2
_loyfus-isu-g49 o
9 2
which completes the proof. Equality occurs if and only if a = b= ¢ = 1.

*

50. If a,b,c are positive numbers such that abc = 1, then
(a+d)(b+c)cta)+7>5(a+b+c)
Solutjon. Assume that a = max{a,b,c} and denote b + ¢ = z. We have

2
aZl,xZva =Tand
a

E=(a+b)(btec)cta)+7—5(a+tb+c) =
:x(a:c+a2+bc)+7—5a—5w=ax2+(a2+bc—5):c+7—5a=

9 2
za($+a +bc—-5) B (az+bc~--5)2

2a 4a +7—>5a
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Since
- _ a?+--5
a“ 4 be 2_2__}_a + be E+ a _
2a va 2a T a 2a
1 1
E(a +—“"1) 0
. . 2
it suffices to consider = —. In this case, we have
' va’'
E:az2+(a2+bc—5):c+7—5a:=2(a2+l—5)—1-+11—5a
a va

Setting t = +/a, t > 1, yields

1 5 26 — 5¢° 4 1113 — 1062 + 2
E>2(r3 —*—) — 51 = =
> + 377 + 11 t 3
N VR e e o e ) S (- 1)2(2t* — 3 — 4¢% + 3t)
B (t—1)*(2t + 3)
- >

> 0.

Equality occurs if and only if a=b=c= 1.
*
51. Leta,b,c be non-negative numbers, no two of which are zero. Prove that
a’ n b3 N 3 < 1
(2a2+b2)(2a2+c?) © (2624c2)(26%+a?)  (2c2+a?)(2c2+b%) T atbte
Solution. The inequality follows by summing the inequalities
a? < 1
(2a2 + 62)(2a2 + c2) ~ (a+b+¢)?’
b? < 1
(202 + c?)(202 + a?) ~ (a+b+e)?’
c? < 1
(2¢2 + a2)(2¢2 +62) ~ (a+b+c)?’
multiplied by a,b and ¢, respectively These inequalities directly follow by
the Cauchy-Schwarz Inequality. For example, from

(a2 + a® + b*)(* + a® 4 a?) > (ac + a® + ba)?,

the first inequality follows. Equality occurs if and only ifa=b=c
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*

52. Let a,b,c be non-negative numbers such that a + b+ ¢ > 3. Prove that

S U SR
a?+b+e a+bi+e a+bte2

Solution. It 1s easy to check that it suffices to consider a + b+ ¢ = 3. In
this case, we may write the inequality in the form

1 1 1

<1
c12—a+3+b?—b+3+c2*c+3‘1

We can prove this inequality by adding the inequalities

1 4—aq 1 44— 1 4—¢
< < < .
a?—a+3~ 90 Tbh2—-b4+3~ 9 ’c2—c43— 9

We notice that

a1 -1 _(e- 1049,
9 a-at3 o —a+3) Ya-a+t3)

Equality occurs if and only ifa = b =c = 1.
*

53. Let a,b,c be non-negative numbers such that ab+ be+ca=3. Ifr > 1,

then
1 1 1 3

< .
r+a? + b2 +r+b2+c2 + r+c2+a? = r42
Solution (by Pham Kim Hung). Since

r 1 b2 4 ¢2
T+ T r b2 4R

we may write the inequality as

T b2 + ¢2 . _6
r+b24e2 = r497
On the other hand

and

b? + 2 o _ (b+e)?
r+b24+c? T 2r4(bte?’
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Thus, it suffices to show that

2r+(b+c “r42

By the Cauchy-Schwarz Inequality, we have

b+c ll((l-}-f)—l—c)2
> >
w4 (bt T 6r+ > (b+c)?
_ 2a + b+ ¢)? _
T a4+ R+ 4 (r+ Diab+betca)
6 +r—1' 2(a? + b? 4 ¢ — ab — bc — ca)
r+2 r+42 a24+b24+c24(r+1)(ab+bc+ca) T

6
>
T r42

Equality occurs if and only f a=b=c=1.

*
54. Let a,b,c be positive numbers such that abc = 1. Prove that

SRS SRS S 5 o
(14a)3  (1+b)3 " (1+¢)?  (I+a)(l+b)(1+e) ™

1 1 1
= = S = d
14+a’ y 1+b 1+c rty+zan

Q = zy + yz + zz, where 0 < z,y,z < 1. The hypothesis abc = 1 becomes
zyz = (1 —z)(1—y)(1 — 2), that is 2zyz = 1 — S + Q, while the required

inequality transforms into z® + y3 + 22 + 5zyz > 1. That is

Solution. Set z =

8ryz + S -35Q > 1,

or
53 —-45+3>(35—4)Q.
S2
We have to prove the last inequality for S—1<Q < 5 The left hand side

condition follows from 2zyz = 1— S +Q, while the right hand side condition

is well-known. We will consider three cases.
Case S <1 We have

$3 - 4S+3=(1-8)(3-5-5%20>(35—-4)Q
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4
Case l < S < 3 We have

S3-45+3—(85-4)Q>8%-45+3—-(85-4)(S~1)=(S—1)%>0.

Case S > —. We have

(2L =N

52 (28 -3)?
53—4S+3—(3S-—4)Q2S3—4S+3—(3S—4)—3—:L—g——)zo.
Equality occurs if and only if a = b=1¢ = 1.

*

55. Let a, b, c be positive numbers such that abc = 1. Prove that

2 +1 > 3
at+b+c 3 " ab+be+ca’
ab+ b a at+ b+
Solution. Let » = -+—3€:—{_i and s = ——~—3—c By the AM-GM

Inequality, we get

u> vVab-bc-ca=1.

On the other hand, the third degree Schur’s Inequality states
(z+y+ 2) + 9zy=2 24z +y+2)(zy+ yz + 2x)

for any non-negative numbers z,y,z. Substituting z,y,z by be, ca, ab,
respectively, we get

(ab+ be + ca)3+ 9> 4(ab+ be+ ca)(a+ b+ ¢),

which is equivalent to

3ud + 1> 4us.
Therefore,
6 g 2 3 8u 3
_ ] _Z -2 _— =
a+b+c+ ab+ bc+ ca s+1 u_3u3+1+ u

_ Sut —9ud + 842 4 u—3 _ (u-—l)(3u3—6u2+2u+3)
u(3u3 + 1) - u(3u3 + 1)
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Since u > 1, we have to show that 3u® ~ 6u? +2u+ 3 > 0. For u > 2, we
have

3u3—6u2+2u+3>3u3—6u2=3u2(u--2)20,

and for 1 < u < 2, we have
30 —6u? + u+3=3u(u—12+3—-u>0
Equality occurs if and only ifa=b=c=1

*

56. If a,b,c are real numbers, then

2(1 + abe) + v/2(1 + a?)(1 + b2)(1 + ¢2) > (1 + a)(1 + b)(1 + ¢).

Solution. Using the substitution u = a4 b+-c, v = ab+be+ ca and w = abe,
the inequality becomes

V2wl 42 4wl —2wu—2v+1)2utv-w—1
It suffices to show that
2(u? + v* + w? —2wu—2w+1) > (ut+v—w—1)>
This inequality is equivalent to
w2 +v? + w? —2uv + 2ow—2wu + 2u—w—-2w+120,

or
(u—v—w+1)2 >0

Equality occurs if and only f u —v—w+1=0and u +v—w—120.
*
57. Let a,b,c be non-negative numbers, no two of which are zero. Prove that

a(b+c) b(c+a)+c(a+b)>9
a2 +be  b4eca  24ab T




1 2 Solutions 57

Solution (by Pham Van Thuam). Assume that a > b > c and write the
inequality as

b(c + a) > (a—b)a—c) (a—c)(b—c)

b> 4+ ca ~ a? + be c2 + ab
Since

(a—b)(a—c)<(a—b)a<a—b
a? + be — al4be ~ a

e (a=c)b—¢) _alb—c) _ b
a—c)(b—c alb—ec -

< <
c24+ab T c24ab " b

it suffices to show that

blc+a) _a—b b—c
> .
b24+ca = a t b

This inequality is equivalent to
b%(a — b)? — 2abc(a — b) + a®c? + ab*c > 0

or
(ab— b2 — ac)? + ab’c > 0.

Under the assumption a > b > ¢, equality occurs if and only if a = b and
c=0.

*

58. Let a,b,c be non-negative numbers, no two of which are zero. Prove that
a(b+ c) \/b(c+ a) \/c(a+ b)
> 2.
\/a2+bc + b2 + ca t c® + ab 22
First Solution By squaring, the inequality becomes
a(b+ ¢) be(a + b)(a + ¢)
>
Z a2+bc Z\/(W—i—ca (c? + ab) 4
Taking into account the preceding inequality, it suffices to show that

Z be(a + b)(a + ¢) > 1
(b2 +ca)(c? +ab =
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Squaring again, it is enough to prove that

be(a+ b)(a+ ¢)
LT @ ab) >

We have
Z c(a+b)(a+c) >Z be(a? + be)
(b2 + ca)(c? + ab) (b2 4 ca)(c? + ab)
4a%b*c? > 1
(a2 4 be)(b2 + ca)(c? + ab) —

Under the assumption a > b > ¢, equality occurs if and only if a = b and
c=0

Second Solution (by Mink Can). Using the AM-GM Inequality, we have

a(b+c) _ a(b+¢) S 2a(b+ ¢) _
a? + be V(@ + be)(ab + be) (@2 + be) + (ab + be)

_ 2a(b+0)

~ (a+b)(c+a)

Thus, it suffices to show that
a(b+ c)? + b(c+ a)? + c(a+b)? > (a+b)(b+ ¢)(c+ a)

This inequality is true, because it reduces to 4abc > 0.

*

59. Let a,b,c be non-negative numbers, no two of which are zero. Prove that

1 . 1 1 > a N b 4 ¢
b+c c+a+a+b_a2+bc b24ca 2+ ab

First Solution (by Michael Rozenberg) Without loss of generality, assume
that a = min{a,b,¢} We have

(a—b)(a—c)

1 a 1
Zm—za2+bczz(b+c a2+bc) Z(b+c (a2 + be)

Since (a — b)(a — ¢) > 0, it suffices to show that

b-b=a) , (c=a)e—H
(c+ a)(b2 4 ca)  (a+b)(c?+ab) —
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This inequality is equivalent to
(b—c) [(b* — a®)(c® + ab) + (a® — c*)(b* + ca)] > 0

or
alb— )2 (b2 4+ ¢ — a® + ab + be + ca) > 0
The last inequality is clearly true for @ = min{a,b,c} Equality occurs if
and only ifa=b=c.
Second Solution (by Dariy Grinberg) According to the identity
L 1 1 sye—y)+(l—ay)’
(1+z)2 (1+4+y)? l+zy (14221 +y)2(1 +zy)

(used also in the proof of problem 28), we have

1 I be(b— ¢)? 4 (a® — bc)? >0
(@+52 " {atec? aibe  (atb)(ate)i(a+bd) >

Using this inequality, we get
Z—l“Z[ b L a
b+e (b+¢c)? (b+c)]_z( ) Z:(c+a)2—

"X [(a+b) (a+c ]

*

60. Let a,b,c be non-negative numbers, no two of which are zero. Prove that

1 N 1 N 1 S 2a N 2b N 2¢
b+c c+a a+b73a2+be 324+ca 3c2+ab

Solution. Since

1 2a B 1 2a
Zb+c_z3a,2+bc_zj(m_3«:1,24-bc) -
Z(a—b(a-—c)—i—4{1(2@1——!)—c)
(b+ c)(3a? + be)

*Z (a—b)(a—c) +Z a(2a—-b-c) ,
(b + ¢)(3a? + be) (b+ ¢)(3a2 + be)
we can obtain the desired inequality by summing the inequalities

(a —b) )(a—c)
>
Z(b+c (3a? + be) = 0
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and
a(2a—b—c)

= 0.
2 (b + c)(3a? + be) ~ 0
To prove the first inequality, assume that e = min{a,b,c}  Since
(a—b)(a —¢) > 0, it suffices to show that
(b—¢)(b—a) (c—a)(c—b)
(c +a)(3b2 4 ca) ' (a+b)(3c2 +ab) ~

This mequality is equivalent to
(b—c) [(b* = a®)(3c* + ab) + (a® — *)(3b% + ¢ca)| 2 0

or

a(b—c)?(b? + ¢ —a? + 3ab + bc 4 3ca) > 0

The last inequality clearly occurs for a = nun{a, b, ¢}
To prove the second inequality, we have

a(2a—b—c) a(a — b) a(a — c) B
2 (b+ c)(3a? + bc) 2 (b + ¢)(3a® + bc) + Z (b+ ¢)(3a2 + be)
a(a — b) b(b — a)

- Z (b+ ¢)(3a? + be) + Z (¢ 4 a)(3b% 4 ca) -

a b

— Z(a—-—b) [(b-{— c)(3a2+bc) - (c+a)(3b2+ca)] =
c(a — b)? [(a —b)2 4 cla+ b)]

— Z (b + o)(c + a)(3a2 + be)(3b + ca) >

Equality occurs if and only ifa=b=c¢
*

61. Let a,b, ¢ be positive numbers such that a’+4 b2 +c? =3 Prove that
3
5 — > 18.
(at+btec)+——2

Solution. Let p = a+ b+ ¢ and g = ab -+ bc + ca. From a? + b? 4 ¢ = 3 we
get p? = 2¢ + 3, p > /3, while from the well-known inequality

(ab+ be+ ca)? > 3abe(a+ b+ ¢)

we obtain {
>
abc — g

Lo
Nl g
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Thus. it suffices to show that

op A 9—‘;) > 18
q
Smce
9p 36p
5p4+ = —18=5p f ———— — 18 =
Py (0% —3)?
_ 5p° —18p! — 30p° + 108p* + 81p— 162
- (- 3)? -
_ (p—3)%(5p° + 12p* — 3p—18)
B (p® - 3)? ’

we still have to show that 5p® + 12p% — 3p — 18 > 0 Taking into account
that p > /3, we get
53:934—1'27)2—330—18:*192 (5p+ 12——%—-;—3) >
>p (5v3 12~ V3 -6) >0
Equality occurs if and ouly ifa = b= ¢
*

62, Let a,b,c be non-negative numbers such that a + b+ ¢ = 3. Prove that

1 + 1 n l <§
6—-ab 6-—-bc 6-—ca 5

Solution. By expanding, the inequality becomes
108 — 48(ab + bc+ ca) + 13abe(a + b + ¢) — 3a°b?c? > 0,

or
4{9 — 4(ab + be + ca) + 3abc) 4+ abe(l — abe) > 0.

By the AM-GM Inequality, we have

[ = (CH b+ ¢

3
3 ) > abe

Consequently, it suffices to show that

9 —4(ab+ be+ ca) + 3abe >0
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This inequality has the homogeneous form
(a+ b4+ ¢)® + 9abe > 4(a+ b + c)(ab + be + ca),

which is just Schur's Inequality of third degree.

3
Equality occurs fora=b=c=1,aswe]lasfora:Oandb=c=§,b=0

3
andc=a:§,,c=Oanda:b=§
Remark Actually, the following inequality holds
1 1 1 3
<

p—ab+p-bc+p—ca"p—1

for a,b,c non-negative numbers such that a + b+ ¢ = 3 and p > 6. This
imequality is equivalent to

?[3p — (p+ 2)(ab + bc + ca) + 6abc] + 3abe(1 — abe) > 0.
Since 1 — abe > 0, the inequality is true if

3p—(p+ 2)(ab + bc+ ca) + 6abe > 0

or
(p—6)(3 — ab— be — ca) + 18 — 8(ab + bc + ca) + 6abe > 0.
Since
2
3—ab—bc—ca=(a—+b§ﬂ——ab—bc—ca=
— h\2 _ )2 N2
_(a by +(b—c)*+ (c—a) >0
6
and

9 — 4(ab + bc + ca) + 3abe > 0,
the conclusion follows. For p > 6, equality occursif and onlyifa=b=c=1.
63. Let n > 4 and let aj,az, ..,a, be real numbers such that
al+ay+---+a>n and a¥+a§+---+a,21_>_n2.

Prove that
max{ay,az,.. ,an} > 2
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Solution. For the sake of contradiction, assume that a; < 2 for all 7. Let
z;=2—a;>0foralli,andlet S=2; 429+ -- +2,, 5 >0 From

n<a4ag+- +an=2m-35,

we get S < n, and from

n
nt<altal+---+a? =2(2—:1c,—)2 =
i=1
n
=4n—4S+ ) 2l <dn-45+ S =dn -4+ (S—2)%,
i=1
we get (S —2)2 > (n—2)% For § > 2, (S ~2)? > (»n —2)? implies S > n,
which contradicts S < n. For § < 2, (§-2)? > (n—2)? implies2—S > n—2,
and hence S < 4 —n <0, which contradicts § > 0.

*
64. Let a,b,c be non-negative numbers, no two of which are zero Prove that
a b c_ o 13 2(ab+ bc+ ca)

b+c+c+a+a+b -6 3(a? + b2 + c?)
Solution (by Pham Huu Duc) Rewrite the inequality as

a N b N c 3>2(1 ab+ be+ ca
b+ec c4+a at+b 273 a2+b2+c2)

a 1y (a—-b)+(a—c) a—b b—a
Z(b+c—§)_Z 2(b+ ¢) _22(b+c)+22(c+a)_

—a—by 1 1y (a— b)?
h 2 (b—}—c_c-i a)_ZQ(bJrc)(cha)

and

_2_(1_(1b+bc+ca)_Z (@ — b)?
3 a4 b2 42 ) 3(a? 4+ b2 4 c2)’

the inequality becomes

It is true because
3(a2+ b4 cz)— 2+ c)(c+a)=(a+b- c)2+ 2(a— 5)22 0.

Equality holds if and only if a = b = ¢.
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*
65. Let a,b,r he non-negative numbers, no two of which are zero Prove that

a®(bh 4 c) 4 b(c+a) ca+b)

>
B2 1+ o2 21a ' a2t b 2atbte

First Solution (by Gabriel Dospinescu). We have

(b+c) (b+c) b(a — b) + ac(a ~
I S M R R e
_ — nbla—b) ba(b—a)  ab(a+ b)(a —b)?
Z b2+c2 Z c? 4 a2 —Z(b2+c2)(c2+a2)—

Equality occurs for « = b = ¢, as well as fora = 0 and b = ¢, b = 0 and
c=a,c=0anda=10.

Second Solution. By the Cauchy-Schwarz Inequality, we have

2(b a2b+c 2
Z . '*'C) [Z ]

+ c? Za (b+c)(b* + )
Then, it suffices to show that
[Saib+a) 2 (o) [E a6+t + &)
Let p=a+ b+ cand g=ab+ bc+ ca Since
]:Z a’(b + c)]2 = (pq— 3abe)? = p*q® — 6abepg + 9a%b*c?
and
Y ad(b+ ) (b2 + &) = Y (b +c) [(a® + b%c? + cPa?) - b*c?] =

= (a%? + 8% 4 ) Y (b + o) - Y (p—a)b’’ =
= pla®b? + b%c? + c2a?) + abeq = p(q° — 2abep) + abeg,

the mequality becomes
abe(2p® + 9abe — Tpg) > 0
This inequahty immediately follows by the third degree Schur’s Inequality
p° + 9abc > 4pg

and the known inequality p® — 3¢ > 0.
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*
66. Let a,b,c be non-negative numbers such that
(a+b)(b+c)e+a)=2.

Prove that
(@® + be)(b? + ca)(c® + ab) < 1

Solution. We have to prove the homogeneous inequality
4(a® + be)(b® + ca)(c? + ab) < (a+b)%(b + ¢)?(c + a)?.
Without loss of generality, assume that a > b > ¢. Since
a? +be < (a+e)?

and
4(b% + ca)(c® + ab) < (b% + ca + c* + ab)?,

it suffices to show that
b2+ +abtac< (a+b)(b+c)

This inequality is equivalent to ¢(c — b) < 0, which is clearly true. Equality
occurs if and only f a=0andb=c=1,b=0andc=a=1, ¢c =0 and
a=b=1.

Remark Michael Rozenberg noticed that the above homogeneous
mequality is equivalent to

(@a—0)*(b—c)*(c — a)* + dabe ¥ be(b + ¢) + 8a2b2c? > 0.
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Chapter 2

Starting from some special
fourth degree inequalities

2.1 Main results

1. If z,y, z are real numbers, then
(22 + 92 4 22)? > 3(3y + 432 + 23z)
( Vasile Cirtoaje, GM-B, 7-8, 1992)
2. If z,y, z and r are real numbers, then
Zm4 + (372 —1) Z z%y? 4 3r(1 — r):ryzZ:z: > 3rZa:3y.
( Vasile Cirtoaje, MS, 2005)
3. If z,y, 2 are real numbers, then
oyt + 2t b oy 4yt 4 2 > 2Py e + 2P,
( Vasile Cirtoaje, GM-B, 10, 1998)

4. If z,y, z are non-negative real numbers, then

4 2_ 2.2

4yt 4 2y yl22— 2222 > Az y + 4%z + 2Pz — 1B - yzS—z:z:3)

5. [fz,y, 2 and r are real numbers, then
Z(.L —ry){z—rz)(z—y)(z — 2) > 0,
where Z is cyclic over z,y, 2.
(Vasile Cirtoaje, MS, 2005)
67
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6. Let x,y, 2 be non-negative numbers, and let S; = Zm‘(:r —y)(z - z).
For any real numbers p, g satisfying pg > 0, the inequality holds

(Vasile Cirtoaje, MS, 2005)

7. Let z,y,z be non-negative real numbers such that z + y + 2z = 3. If
In3

= =~ <
m= ST 1355 and 0 < r < m, then

'y +y 2"+ 2" <3
(Vasile Cirtoaje, CM, 1, 2004)

8. Let z,y,2 be non-negative real numbers such that z + y+ z = 2. If
2 < r <3, then

F(y4 2) + (= ba) + (e +y) <2

9. Let z,y, z be non-negative real numbers satisfyingz+y+2=1. lf p>0

- 1(2p+1
and ¢ < (p )Elp_*- ),then

z+ zx + z 149
Y q+ q+ y+qS Q_
z+p y+p z4+p T 143p

( Vasile Cirtoaje, MS, 2005)
10. Let z,y, 2 be positive real numbers If 1 < r <3, then

x'ry4—r +yrz4—'r + 21'24—1" < (5132 + y2 + 22)2.

L=

11. Let z,y, z be positive real numbers.

1
a) Ifa:+y+z:3and0<r_<_-2-,then
1+'r r+y1+r 'r_i_zl-}-r 'r<3

byIfz+y+z=1+4+2randr>1, then

ml-}-ry'r_*_ IR r+zl+'r T <T‘ (1+r)1+7‘
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12. Let z,y, 2z be positive real numbers.

3
a) If:z:+y-|-z=3and0<r§-§,then

z’y+yz+ 2 <3;
bylfz+y+2=7r+1andr > 2, then
'y +yz4+ 2"z <.
13. Let m > n > 0, and let z,y, z be positive real numbers such that
gDy g min _ g

Then

mm ym zm
FEat a2

(Vasile Cirtoaje, MS, 2005)

14. Let a,b,c,d be non-negative real numbers. If p > 0, then

a b c d 0
— — — = > .
(1+pb+c) (1+pc+d) (1 +pd+ a) (1+pa+b) 2 (1+p)
(Vasile Cirtoaje, MS, 2004)

15. If a, b, c are positive real numbers, then

1. 1 1 1 1>(1 1 1).

4b+z+a+b+b+c+c+a" 3a+b+3b+c+30+a

Ly
4a
(Gabrel Dospinescu, MS, 2004)

16. If z,y, 2 are non-negative real numbers satisfying £ + y + 2 = 3, then

z + Y + z >‘3
zy+1 " yz4+1 2241727

17. If z,y, z are non-negative real numbers satisfying z + y 4+ z = 3, then

I RN
y2+3 " 2243 2243 4"

18. If a,b, c are positive numbers satisfying abe = 1, then

a N b + c > 1
Vbo+8 c+8 Varg="
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19. If a,b, ¢ are the side-lengths of a triangle, then
a)  3(a®b+ b3+ Ba) > (ab + be + ca)(a® + 6% + &),
b)  9(ab+ be + ca)(a® +b% 4+ c*) > (a+ b+ )
20. Let a,b,c be the side-lengths of a triangle. If r > 2, then
3(ab +bc+ca)> (a+b+cla" b+ b e+ a).
21. Let a,b,c be the side-lengths of a triangle. If r > 2, then
a"bla—b) 4 b"c(b—c)+c"alc—a) 20
(Vasile Cirtoaje, GM-B, 4, 1986)
22. Let a,b,c be the side-lengths of a triangle. If 0 < r < 1, then
a®b(a” —b") + bPe(b” — ") + c*a(c” —a") > 0.
(Vasile Cirtoaje, MS, 2005)

23. Let a,b,c be the side-lengths of a triangle. If z,y, 2 are real numbers,
then

(ya?+ 20+ zc?)(2a® + b +yc?) > (2y+yz+2z)(a?b? +b%c +cfa?)

(Vasile Cirtoaje, GM-A, 2, 2001)

2.2 Solutions

1. If z,y, z are real numbers, then
(@ +y? + 202 > 3(2%y + vz + 2°a). (1)

Proof. A way to prove (1) would be a suitable arrangement of the variables
Let
E(z,y,2) = (x2 + y2 + zz)2 - 3(9:3y + y3z + z3:z:)

First we write E(z,y, 2) in the form

E=3[re* + (1 -y +22%° - 3%,
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where r is a real number and Y is cyclic over z,y, z (this convention will be
used along all the book), then try to find a suitable number r, 0 < r < I,
such that

rzd 4 (1-rjy*+ 2r%y? — 323y > 0

for any real numbers x and y. We can’t find such a number r, since the left
side of the inequality divides by z —y for any r, but divides by (z — y)* only

5
for r = — > 1. Thus this method fails for our inequality.
Under the circumstances, we will use the substitution method Setting

y=z+p 2=z+4q,
inequality (1) can be written as
Ey —2E; >0,
where

=N Br-y)=-pP+(p- i +¢B =
=p(y—$)(y +yz+ 28+ gz —y)(2* + 2y + 42 =
=3(p* — pg+ g2 + 3(p° — PPg + )z + p* — PPg+ ¢,

Ey=) z%(z—y)=—prly + (p - q)y’z + ¢z°z =
= py(yz — :1:2) + qz(2z — y2) =
= (p* —pg + ¢*)x® + (p° + pq — 20¢* + )z + p3q — P2

The inequality is equivalent to
az’ + Bz +v >0,
where
a=p'—pg+q’,

B =p®-5pq+ 4pg® + ¢,
v =p'=3p%q + 2% + 4.

For p = ¢ = 0, we have az?® + 8z + 7 = 0. Otherwise, we have a > 0,
and it is enough to show that the discriminant & of the quadratic function
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az? 4+ Bz 4 v is less than or equal to zero. Indeed, we have

§ = 8% — day = —3(p® — 20%q — 3p*q? + 6p°¢® + 20%¢" — dpg® + ¢F),
§ = —3(p® - p*q— 204> + ¢°)* < 0.

We observe that equality in (1) occurs for (z,y,2) ~ (1,1,1) Besides,
equality occurs for
2 4T 2 AT 2 71')

(x,y,2) ~ (sm = ,Sin = ,Sin -

or any cyclic permutation thereof. The last equality points can be derived
from the equality equations

P’ —p*q—2p¢* +¢° =0,

—(»® — 5p%q + 4pg® + ¢°)
2(p* —pg + ¢%)

Tr —=

taking mnto account that y =z +p, 2=z + 4. a
Remark 1. Starting from the obvious relation
da(az? + Bz +v) = (2az + B)* -
we can deduce the following identity
AF - E(z,y,2) = (A —5B+4C)? + 3(A— B—2C +2D)?,

where

(z—y)? + (y—2)* + (2 —z)°
2 ?

A=z +13°+ 25, B =1y + viz+ 2%z, C = zy* + yz* + 22%, D = 3zy2

F=x?ty?+22—zy—yz—2zx=

Remark 2. We can also prove (1) using the special identities

(12+y2+22) 3(my+yz+zx ,)Zx — ¥ —zy + 2z — 22)* (2)
and

1
(22 492 +22)2 = 3(zPy+ 33 + 2%2) = GZ(% —y?—22—3zy+3yz)? (3)
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Remark 3. Inequality (1) can be rewritten as
2% (x — y)(x — 2y) + v (v — 2) (v — 22) + 2%(2 — z)(z — 22) > 0.
*

2. If ,y,z and r are real numbers, then

Zx4 +(3r2 - 1) Z z?y? + 3r(1 — r)zyz Z:n > 3r Zx?’y. (4)

Proof. We first notice that (4) is a generalization of (1). Indeed, for r = 1,
the inequality (4) turns into (1).
Let y =z + p and z = = + gq. We see that (4) is equivalent to

Ey4+(1—-3r}E; + 3r(r — 1)E3 > 0,
where E| and E; are the previous expressions, and
B3 = Zx2y2 —:ryzZ:r = %Emz(y -2)? =
= ("~ pg + ¢*)2° + (p'q + pd’)z + p?¢”.
Thus, inequality (4) reduces to
az? 4+ Bz +v >0,
where

a= (3r? — 6r + 4)(p? — pg + ¢°),
B=(4-3r)p*+ (3r? —6r — 2)pq -+ (372 + 3r — 2)pg® + (4 - 3r)¢3,
v =" —3rpPq 4+ (377 — 1)p%¢® + ¢*.

For p = ¢ =0, we have ax? + 8z + v =0 Otherwise, we have a > 0, and
§=p32—day=-3 [rp3 — (3r® — 2)p%q + (3r? — 3r — 2)pq® + rqS]2 <0.

Another proof of (4) is the following We write the mequality in the form

3(Zm2y2—myz2x) r2—3(2x3y—myzzx)r+
+3 28-S 2% >0 (5)
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Since

3 (Z$2y2 _Iyzzm) = '1«_52 (zy — 2yz + 22)?,

3 (Z:r?’y —myzZm) = _3Zyz(x2 _y?) =

=-3% ya(z® -yt + Y (ay +yz + 2z)(z* — %) =
= 2(3:2 — ) (xy — 2z + 2x),

St - Yty = éz(xz _ 2

the inequality becomes as follows:

1 1
523 (wy =2z +2z) = r 3 (& — o) (ay ~2ye +22) + 5 3 (=R —¥) 2 0,

or
%Z(mz — y2 — ray + 2ryz — rz:r)2 >0,
which is clearly true
Equality in (4) occurs for (z,y,2) ~ (1,1,1) Forr > —1—9, we claim that
equality again occurs for a triple (z,y,2) ~ (z1,y1,1) withz; 20,5, 20

=

for (z,y,z) ~ (0,v2,1). O

1
and (z1,v1,1) # (1,1,1) For example, in the case r = 73, equality occurs

and r = 5 inequality (4) becomes

3214 + (Z::z:y)2 > Gszy

Remark 1. Forr =

Wi N

and
2
32z4+32x3y > Q(ny) ,
respectively. Equality occurs in both inequalities for (z,y,2) ~ (1,1,1)
The first inequahty becomes again equality for (x,y,z) ~ (1,¥1,21) with
y; =~ —2565 and z; = —18 35, while the second inequality becomes again
equality for (x,y,z) ~ (1,y2,22) with y2 = —0.4874 and 2 ~ -0.9115

Remark 2. We can also write inequality (4) as a sum of squares, as follows

Z(sz —y? — 2% —3rzy+ 3ryz)2 > 0.
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Remark 3. The following statements is valid
If x.y,z are real numbers, then

4 (Z:L" - Z y2::2) (Zszz —Tyz Zm) >3 (Z 3y — Ty2 Zx)2 . (6)
(Vasile Cirtoaje, MS, 2005)

We note that (6} is equivalent to § < 0, where § is the discriminant of
the non-negative quadratic of r from the left hand side of (5)
Surprisingly, Thomas Mildorf noticed that (6) is equivalent to the following

obvious inequality )
[z :I:Q(xy +yz — 22:1:)] >0
Equality in (6) occurs for (z,y,2) ~ (1,1,1), but also for many other triples
(z,¥, 2).
*

3. If z,y, z are real numbers, then

syt 2 r oty > 2($3y+y33+z3m). (7)
Proof Setting y =z + p and z = z + ¢, the inequality turns into

Az* 4+ Bz +C >0,
where
A=3(p"-pa+q*), B=3(p"-2p’q+pg’ + ¢*), C = p* 2%+ pg® + ¢*
Since the discriminant of the quadratic Az? + Bz 4+ C is non-positive,
B? —4AC = =3(p° — 6p*¢* + 2°¢® + 9p¢* — 6pg® + ¢) =
=-3(p° - 3pg® + ¢*)* <0,

the conclusion follows.
We have equality for (z,y,2) ~ (1,1,1). Besides, equality again holds
. T 2w 27
for (z,y,2) ~ (sm a,sm 5 sin §,sm -?) or any cyclic permutation O
Remark 1. Inequality (7) is more interesting in the case ryz < 0. If 2,y, 2
are positive numbers, then inequality (7) is less sharp than inequality (1),
hecause (7) can be obtained by adding (1) to

zy(z —y)* + yz(y — 2) zz(z —z)2 >0
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Remark 2. [rom the proof above, we can derive the following identity
M- F(z,y,2) = (A~3C +2D)* + 3(A - 2B+ C)’, (8)
where

Fz,y,z) =z +y* + 24 + 23 + y2® + 228 — 2(2%y + 32 + 252),
M=4(z+y2 4+ 22 —zy—yz —2z) = 2z — ¥)2 + 2(y — 2)® + 2(z — z)?,
A=23+3 +23, B=x22y+y’z+ 2%z, C=zy® +y22 + 2%, D = 3zy2

Remark 3. Inequality (7) is a direct consequence of the identity

Pyt oy yf 42 -2l iyl + Pr) =
1
= =% (2® — y? +yz —2y)*. (9)

-

Remark 4. By identity (9), it follows that (7) becomes equality if and only
if

z(z—y)=y(y —2) = 2(2 — )
Assuming that
zlz—y)=yly—2)=z(2—x) =5, s #0,
we get

1+1 1l z—y y—2z2 z—=x
T Yy z s s s

This result yields the following nice statement:
If z,y, 2z are distinct real numbers such that

zt + y4 +z24 4 :ry3 -+ y23 1223 = 2(:B3y + y3z + 233:),

1 1 1
then —+ -+ —=0.
r y =z

Remark 5. Inequality (7) is equivalent to either of the inequalities

(2 — )22 + 1) + (¥ — 2)(26° + ) + (2 — 2)(22° + 2°) 2 0,
(z — ) +22%) + (y — 2)(¥* +22°) + (2 — z)(z*+2°) >0

*



2 2 Solutions 77

4. If z,y, 2 are non-negative real numbers, then
o p oyt 22yt —y?2% 2% > 2(:r3y +y32 4 2Bz —zy®— yzB—sz). (10)

Proof. Write first the inequality in the form

1 o oy, 1. 92 9o 1. 9 909
5( —y) 45 z)+2(z )+

+2z—y)y—2)z— 2Nz +y+2) 20

Due to symmetry, we may consider that z = min{z,y, z}. Using the substi-
tutiony =z +4+p,2=24+qg(z>0,p >0, g >0), the inequality reduces
to

2Az? + 4Bz + C > 0,

where

A=p*+(p-9)?+¢* B=plp—q?+ ¢,
C=p'-20%0—p*¢" + 2p¢® + ¢* = (¥ — pg — ¢*)%.

Since A > 0, B > 0 and C > 0, the inequality is obviously true. Equality

145
5 ,1) or any

cyclic permutation. O

oceurs for (z,y,2) ~ (1,1,1), and again for (z,y,2) ~ (0,

Remark. Inequality (10) is equivalent to
2(2® — ")z — 2) +y(y® - 2%)(y — 22) + 2(2? - 2%)(z — 22) > 0.
*

5. If x,y,z and r are real numbers, then
Z(m—ry)(z—rz)(m—y)(m—z) >0, (11)
where Z is cyclic over z,y, 2.

Proof Let y =z + p and z = 2 + q. We can rewrite the inequality in the
form

Au® + Bu +C >0,
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where u = (1 —r)r, s =2 + r and

A=p*—pg+4q%
B = (p+4q)(24 - spy),
C=(p+9)*A—spa(p+q)° +sp¢
The quadratic Au? + Bu + C has the discriminant
D = B? —4AC = -3s%p’¢*(p — ¢)*

Except for the trivial case p = ¢ = 0, we have A > 0 and D < 0, and the
conclusion follows

We have equality in (11) for (z,y,2) ~ (1,1,1). Additionally, equality
again occurs for (z,y,2) ~ (r,1,1) or any cyclic permutation. (]

Remark 1. Setting » = 0 in (10) yields Schur’s Inequality of fourth degree

Z:a:z(:r —y)z—2)>0

which is equivalent to cach of the following inequalities

iyt 4 2 +ryz(z+y+z2 >Zy y? +z ,
ot 4yt + 2+ 2ayz(z +y + 2) 2 (zy byz + 2z)(2? 4+ y7 + 2P,
Stw-2y+z-2)°20

and

(5% - S2) (45, — S%)
S\ ’

where Sy =z +y + 2z and Se = 2y + ¥z + 2z.

6xyz >

Remark 2. Inequality (11) is equivalent to each of the inequalities
Z i r(r+2) Zy222 + (1—r2):z:yz Z:L‘ > (r+1) Zyz(y2+zz) (12)
and 51 5)828. 2)252
3(r — 1)(r + 2)ayz < =L —(r+5) 192+(r+” 2,
21

where S; =z +y+zand S =zy+yz+2z Forr =1 and r =2, from
(12) we get the inequalities

(13)

74 +y4 42t 3(x2y2 +y222 n zzxz) > QZyz(yz + 22),
4yt 420+ 8(e%? + YR+ 2% 2 Bay +ys k) (5 H R 42,
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respectively We have equality when (z,y,2) ~ (1,1,1). For the last
inequality, equality again occurs when (z,y,z) ~ (2,1, 1) or any cyclic per-
mutation. Notice that the first inequality can be written as

-y +@-2)+(z-2)" >0

Remark 3. We can also prove (11) using the identity

S -r)e-raE -2 = 3 D=yt -a—ra) (10
Remark 4. From the proof above, we can deduce the following identity
AM Y (z —ry)(z —r2)(z — y)(z — 2) = p* + 3Q%, (15)
where

M:x2+y2+z2—:ry—yz—zx=Z($—y)(2¢—z),
P=22x(m—y)(m—z)—sz(y—z)Q,
Q=(r+2)(z—y)*(y - 2)’(z — o).

For r = 0, we get the identity
MY e (z=y)z—2) = (3 ale—y)(z—2)) +3(z-y)*(y-2)}(=~2)* (16)
Denoting S; = ¥ z*(z—y)(z—z), identity (16) yields the following inequality
So Sy > S%,

with equality if and only if two the numbers z,y, z are equal.

*

6. Let x,y, 2 be non-negative numbers, and let S; = Zm’(m—y)(m —2). For
any real numbers p,q satisfying pqg > 0, the inequality holds

Proof. If two of z,y, 2 are equal, then Sy = Sp =S¢ = Spiq =0 Consider
now, without loss of generality, that = > vy > z Dividing by

(z—y)*(y—2)*(z — =z 2,
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the inequality becomes successively as follows:

(£5) (%) (5:5) (£55)

yP+fI + zP+q — ypﬂ — y‘? ~P
2 (z—y)(z—=z)
3y = 2)(yP — 2P)T - 27) <0,
(y—2)(yP = 2P) (y7~29) + (z—y)(aP —1P) (29 —19) < (z—z)(aP —2F) (29— 29).

Since (y? — zP)(y? — 29) 2 0 and (z? — yP)(z9 — y9) > 0, we thus have

(y— 2)(%F — 2P)(¥? — 2%) < (z —2)(v° — 2F) (3" — 2)

0,

and
(z —y) (2P — vP)(a? — ¥*) < (z — 2)(zP — ¢P) (2% —¢).
Thus, it suffices to show that
(4~ P)e — ) + (22 = 17)(aT 1) £ (2" = F)(a — 29).
This inequality reduces to
(4 — 2P)y? — %) + (4P — )~ 57 <O,

which is true for all real numbers p, ¢ with pg > 0. This completes the proof.

'e have equality if and only if two of the numbers z,y, = are equal O
*
7. Let =,y,z be non-negative real numbers such that x + y + 2 = 3. If
m = E%ZR: 1.355 and 0 < r < m, then

2y YT 2T <3 (18)
Proof Let E.(z,y,2) = 2"y" +y 2" + z"z". By the Power-Mean Inequality,
we have : .
(5)' < (%)
3 —\3
Thus, it suffices to show that E, < 3. To prove this, suppose that

+ 2z
z = min{z,y, 2} and denote ¢ = y_2_ (hence z + 2t =3, t > x).
We will show that

Em(x:y;z)SEm(xyt:t)S Em(lvlrl) (19)



