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Part I. Each correct answer is worth two points.

1. If 2009 + 2009 + · · ·+ 2009︸ ︷︷ ︸
2009 terms

= 2009x, find the value of x.

(a) 2 (b) 3 (c) 2009 (d) 2010

2. What is the least positive difference between two three-digit numbers
if one number has all the digits 2, 4, and 6, while the other has all the
digits 1, 2, and 9?

(a) 72 (b) 54 (c) 48 (d) 27

3. Which of the following numbers is closest to one of the roots of the
equation x2 − 10000x− 10000 = 0?

(a) 10001 (b) 5000 (c) 100 (d) 25

4. The ratio of the areas of two squares is 3 : 4. What is the ratio of the
lengths of their corresponding diagonals?

(a) 1 : 2 (b) 3 : 4 (c) 2 : 3 (d)
√

3 : 2

5. In4ABC, let P be a point on segment BC such that BP : PC = 1 : 4.
Find the ratio of the area of 4ACP to that of 4ABC.

(a) 1 : 4 (b) 1 : 5 (c) 3 : 4 (d) 4 : 5

6. In how many ways can three distinct numbers be selected from the set
{1, 2, 3, . . . , 9} if the product of these numbers is divisible by 21?

(a) 15 (b) 16 (c) 17 (d) 18

7. If |2x− 3| ≤ 5 and |5− 2y| ≤ 3, find the least possible value of x− y.

(a) −5 (b) 0 (c) −1 (d) 5



8. Define the operations ♣ and ♥ by

a♣ b = ab− a− b and a♥ b = a2 + b− ab.

What is the value of (−3♥ 4)− (−3♣ 4)?

(a) 38 (b) 12 (c) −12 (d) −38

9. Solve for x in the following system of equations:
log x + log y = 2
log y + log z = 7
log z + log x = 3.

(a) 10 (b) 1 (c) 0.1 (d) 0.01

10. If a + 1 = b − 2 = c + 3 = d − 4, which is the smallest among the
numbers a, b, c, and d?

(a) a (b) b (c) c (d) d

11. Solve for x in the inequality 5x ≥ 252x.

(a) x ≤ 1 (b) x ≤ 0 (c) x ≥ 0 (d) x ≥ 1

12. Today, 24 October 2009, is a Saturday. On what day of the week will
10001 days from now fall?

(a) Saturday (b) Monday (c) Thursday (d) Friday

13. The lines 2x + ay + 2b = 0 and ax − y − b = 1 intersect at the point
(−1, 3). What is 2a + b?

(a) −6 (b) −4 (c) 4 (d) 6

14. Let x be a real number that satisfies the equation

16 (log9 x)4 =
(
log3 x3

)2
+ 10.

Determine (log9 x)2.

(a) 10 (b)
√

10 (c) 5
2

(d)
√

5
2



15. Let r and s be the roots of the equation x2 − 2mx− 3 = 0. If r + s−1

and s + r−1 are the roots of the equation x2 + px− 2q = 0, what is q?

(a) 1 (b) 2
3

(c) −3 (d) −4
3

Part II. Each correct answer is worth three points.

16. On the blackboard, 1 is initially written. Then each of ten students,
one after another, erases the number he finds on the board, and write
its double plus one. What number is erased by the tenth student?

(a) 211 − 1 (b) 211 + 1 (c) 210 − 1 (d) 210 + 1

17. For how many real numbers x is
√

2009−
√

x an integer?

(a) 0 (b) 45 (c) 90 (d) 2009

18. How many distinct natural numbers less than 1000 are multiples of 10,
15, 35, or 55?

(a) 145 (b) 146 (c) 147 (d) 148

19. Let x and y be nonnegative real numbers such that 2x+2y = 8
√

2. What
is the maximum possible value of xy?

(a) 8
√

2 (b) 49/4 (c) 49/32 (d) 1

20. In how many ways can ten people be divided into two groups?

(a) 45 (b) 511 (c) 637 (d) 1022

21. Let P be the point inside the square ABCD such that 4PCD is equi-
lateral. If AP = 1 cm, what is the area of the square?

(a) 3+
√

3 cm2 (b) 2+
√

3 cm2 (c) 9
4

cm2 (d) 2 cm2

22. Let x and y be real numbers such that 22x + 2x−y − 2x+y = 1. Which
of the following equations is always true?

(a) x + y = 0 (b) x = 2y (c) x + 2y = 0 (d) x = y

23. In4ABC, M is the midpoint of BC, and N is the point on the bisector
of ∠BAC such that AN ⊥ NB. If AB = 14 and AC = 19, find MN .

(a) 1 (b) 1.5 (c) 2 (d) 2.5



24. Seven distinct integers are randomly chosen from the set {1, 2, . . . , 2009}.
What is the probability that two of these integers have a difference that
is a multiple of 6?

(a) 7
2009

(b) 2
7

(c) 1
2

(d) 1

25. A student on vacation for d days observed that (1) it rained seven
times, either in the morning or in the afternoon, (2) there were five
clear afternoons, and (3) there were six clear mornings. Determine d.

(a) 7 (b) 8 (c) 9 (d) 10

Part III. Each correct answer is worth six points.

26. How many sequences containing two or more consecutive positive inte-
gers have a sum of 2009?

(a) 3 (b) 4 (c) 5 (d) 6

27. In 4ABC, let D, E, and F be points on the sides BC, AC, and AB,
respectively, such that BC = 4CD, AC = 5AE, and AB = 6BF . If
the area of 4ABC is 120 cm2, what is the area of 4DEF?

(a) 60 cm2 (b) 61 cm2 (c) 62 cm2 (d) 63 cm2

28. A function f is defined on the set of positive integers by f(1) = 1,
f(3) = 3, f(2n) = n, f(4n + 1) = 2f(2n + 1)− f(n), and f(4n + 3) =
3f(2n + 1)− 2f(n) for all positive integers n. Determine

10∑
n=1

[f(4n + 1) + f(2n + 1)− f(4n + 3)].

(a) 55 (b) 50 (c) 45 (d) 40

29. A sequence of consecutive positive integers beginning with 1 is written
on the blackboard. A student came along and erased one number. The
average of the remaining numbers is 35 7

17
. What number was erased?

(a) 7 (b) 8 (c) 9 (d) 10

30. Let M be the midpoint of the side BC of4ABC. Suppose that AB = 4
and AM = 1. Determine the smallest possible measure of ∠BAC.

(a) 60◦ (b) 90◦ (c) 120◦ (d) 150◦



12th Philippine Mathematical Olympiad
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Part I. No solution is needed. All answers must be in simplest form. Each correct answer
merits two points.

1. If a = 2−1 and b = 2
3
, what is the value of (a−1 + b−1)−2?

2. Find the sum of all (numerical) coefficients in the expansion of (x+ y + z)3.

3. A circle has radius 4 units, and a point P is situated outside the circle. A line through
P intersects the circle at points A and B. If PA = 4 units and PB = 6 units, how far
is P from the center of the circle?

4. Let y = (1 + ex)(ex − 6)−1. If the values of x run through all real numbers, determine
the values of y.

5. The sum of the product and the sum of two integers is 95. The difference between the
product and the sum of these integers is 59. Find the integers.

6. Let A, B, C, D (written in the order from left to right) be four equally-spaced collinear
points. Let ω and ω′ be the circles with diameters AD and BD, respectively. A line
through A that is tangent to ω′ intersects ω again at point E. If AB = 2

√
3 cm, what

is AE?

7. A certain high school offers its students the choice of two sports: football and basket-
ball. One fifth of the footballers also play basketball, and one seventh of the basketball
players also play football. There are 110 students who practice exactly one of the
sports. How many of them practice both sports?

8. Simplify:
√

sin4 15◦ + 4 cos2 15◦ −
√

cos4 15◦ + 4 sin2 15◦.

9. Let a, b, and c be the roots of the equation 2x3 − x2 + x+ 3 = 0. Find the value of

a3 − b3

a− b
+
b3 − c3

b− c
+
c3 − a3

c− a
.

10. In 4ABC, let D, E, and F be points on sides BC, CA, and AB, respectively, so that
the segments AD, BE, and CF are concurrent at point P . If AF : FB = 4 : 5 and
the ratio of the area of 4APB to that of 4APC is 1 : 2, determine AE : AC.

11. A circle of radius 2 cm is inscribed in 4ABC. Let D and E be the points of tangency
of the circle with the sides AC and AB, respectively. If ∠BAC = 45◦, find the length
of the minor arc DE.

12. Two regular polygons with the same number of sides have sides 48 cm and 55 cm
in length. What is the length of one side of another regular polygon with the same
number of sides whose area is equal to the sum of the areas of the given polygons?



13. The perimeter of a right triangle is 90 cm. The squares of the lengths of its sides sum
up to 3362 cm2. What is the area of the triangle?

14. Determine all real solutions (x, y, z) of the following system of equations:
x2 − y = z2

y2 − z = x2

z2 − x = y2.

15. For what value(s) of k will the lines 2x+ 7y = 14 and kx− y = k + 1 intersect in the
first quadrant?

16. For what real numbers r does the system of equations{
x2 = y2

(x− r)2 + y2 = 1

have no solutions?

17. Determine the smallest positive integer n such that n is divisible by 20, n2 is a perfect
cube, and n3 is a perfect square.

18. Find all pairs (a, b) of integers such that
√

2010 + 2
√

2009 is a solution of the quadratic
equation x2 + ax+ b = 0.

19. Determine all functions f : (0,+∞)→ R such that f(2009) = 1 and

f(x)f(y) + f
(

2009
x

)
f
(

2009
y

)
= 2f(xy)

for all positive real numbers x and y.

20. Find all pairs (k, r), where k is an integer and r is a rational number, such that the
equation r(5k − 7r) = 3 is satisfied.

Part II. Show the solution to each problem. A complete and correct solution merits ten
points.

21. Each of the integers 1, 2, 3, . . . , 9 is assigned to each vertex of a regular 9-sided polygon
(that is, every vertex receives exactly one integer from {1, 2, . . . , 9}, and two vertices
receive different integers) so that the sum of the integers assigned to any three consec-
utive vertices does not exceed some positive integer n. What is the least possible value
of n for which this assignment can be done?

22. Let E and F be points on the sides AB and AD of a convex quadrilateral ABCD such
that EF is parallel to the diagonal BD. Let the segments CE and CF intersect BD at
points G and H, respectively. Prove that if the quadrilateral AGCH is a parallelogram,
then so is ABCD.

23. Let p be a prime number. Let a, b, and c be integers that are divisible by p such that
the equation x3 + ax2 + bx+ c = 0 has at least two different integer roots. Prove that
c is divisible by p3.

- end of the problems -



Answer Key

1. 4
49

2. 33

3. 2
√

10 units

4. (−∞,−1
6
) ∪ (1,+∞)

5. 11 and 7

6. 9 cm

7. 11 students

8. 1
2

√
3

9. −1

10. 2 : 7

11. 3
2
π cm

12. 73 cm

13. 180 cm2

14. (0, 0, 0), (1, 0,−1), (0,−1, 1), (−1, 1, 0)

15. (−∞,−3) ∪ (1
6
,+∞)

16. (−∞,−
√

2) ∪ (
√

2,+∞)

17. 1000000

18. (−2,−2008)

19. f(x) = 1 for all x ∈ (0,+∞)

20. (2, 1), (−2,−1), (2, 3
7
), (−2,−3

7
)

Problem 21. There is an assignment of the integers 1, 2, 3, . . . , 9 to the vertices of the
regular nonagon that gives n = 16. Let S be the sum of all sums of the integers assigned to
three consecutive vertices. If there are integers assigned to three consecutive vertices whose
sum is at most 14, then S < 135, which is a contradiction. Thus, every sum of the integers
assigned to three consecutive vertices is equal to 15. Consider a, b, c, d. Then a+ b+ c = 15
and b+ c+ d = 15, which implies that a = d, a contradiction again. 2

Problem 22. Let EF intersect AG and AH at points I and J , respectively. Note that
EGHJ and FIGH are parallelograms. It follows that 4FHJ ∼= 4IGE, which implies that
FJ = EI. Using three pairs of similar triangles, FJ = EI implies that BG = DH.

Let S be the midpoint of AC. Since AGCH is parallelogram, S is the midpoint of GH.
Finally, with BG = DH, we have BS = BG + GS = DH + HS = DS. This means that
the diagonals AC and BD bisect each other, and so ABCD is a parallelogram. 2

Problem 23. Let r and s be two different integral roots of x3 + ax2 + bx + c = 0; that is,
r3 + ar2 + br + c = 0 and s3 + as2 + bs+ c = 0. Since p divides a, b, and c, it follows that p
divides both r3 and s3. Being prime, p divides r and s.

Subtracting the above equations involving r and s, we get

r3 − s3 + a(r2 − s2) + b(r − s) = 0, or(r − s)(r2 + rs+ s2 + a(r + s) + b) = 0.

Since r 6= s, the last equation becomes

r2 + rs+ s2 + a(r + s) + b = 0.

Because the terms (other than b) are divisible by p2, the last equation forces p2 to divide b.
Finally, the terms (other than c) of r3 + ar2 + br + c = 0 are divisible by p3, it follows

that p3 divides c. 2
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Oral Phase

15.1. What is the smallest positive integral value of n such that n300 > 3500?

15.2. A figure consists of two overlapping circles that have radii 4 and 6. If
the common region of the circles has area 2π, what is the area of the
entire figure?

15.3. Find all real values of x that satisfy the equation xx2010
= x2010.

15.4. Both roots of the quadratic equation x2 − 30x + 13k = 0 are prime
numbers. What is the largest possible value of k?

15.5. Let f : R→ R be a function that satisfies the functional equation

f(x− y) = 2009f(x)f(y)

for all x, y ∈ R. If f(x) is never zero, what is f(
√

2009)?

15.6. If the parabola y + 1 = x2 is rotated clockwise by 90◦ about its focus,
what will be the new coordinates of its vertex?

15.7. How many ways can you choose four integers from the set {1, 2, 3, . . . , 10}
so that no two of them are consecutive?

15.8. Let ABC be a triangle with AB = 12, BC = 16, and AC = 20.
Compute the area of the circle that passes through C and the midpoints
of AB and BC.

15.9. Which real numbers x satisfy the inequality |x− 3| ≥ |x|?

15.10. Let log14 16 be equal to a. Express log8 14 in terms of a.

15.11. Find the values of a and b such that ax4+bx2+1 is divisible by x2−x−2.

15.12. What is the probability that a randomly chosen positive divisor of 2010
has two digits?

15.13. Let [[x]] denote the greatest integer less than or equal to the real number
x. What is the largest two-digit integral value of x[[x]]?

15.14. How many times does the graph of y+ 1 =
∣∣log1/2 |x|

∣∣ cross the x-axis?



15.15. Considered to be the most prolific mathematician of all time, he pub-
lished, in totality, the most number of mathematical pages in history.
Undertaken by the Swiss Society of Natural Sciences, the project of
publishing his collected works is still going on and will require more
than 75 volumes. Who is this great mathematician Switzerland has
produced?

30.1. The nonzero numbers x, y, and z satisfy the equations

xy = 2(x+ y), yz = 4(y + z), and xz = 8(x+ z).

Solve for x.

30.2. The positive integers are grouped as follows:

A1 = {1}, A2 = {2, 3, 4}, A3 = {5, 6, 7, 8, 9}, and so on.

In which group does 2009 belong to?

30.3. Triangle ABC is right-angled at C, and point D on AC is the foot of
the bisector of ∠B. If AB = 6 cm and the area of 4ABD is 4.5 cm2,
what is the length, in cm, of CD?

30.4. For each positive integer n, let Sn be the sum of the infinite geometric
series whose first term is n and whose common ratio is 1

n+1
. Determine

the least value of n such that

S1 + S2 + · · ·+ Sn > 5150.

30.5. Let x and y be positive real numbers such that x+ 2y = 8. Determine
the minimum value of

x+ y +
3

x
+

9

2y
.

30.6. Let d and n be integers such that 9n+ 2 and 5n+ 4 are both divisible
by d. What is the largest possible value of d?

30.7. Find all integers n such that 5n− 7, 6n+ 1, and 20− 3n are all prime
numbers.

30.8. When
(x2 + 2x+ 2)2009 + (x2 − 3x− 3)2009

is expanded, what is the sum of the coefficients of the terms with odd
exponents of x?



30.9. If 0 < θ < π/2 and 1 + sin θ = 2 cos θ, determine the numerical value
of sin θ.

30.10. For what real values of k does the system of equations{
x− ky = 0
x2 + y = −1

have real solutions?

60.1. In4ABC with BC = 24, one of the trisectors of ∠A is a median, while
the other trisector is an altitude. What is the area of 4ABC?

60.2. How many integral solutions does the equation

|x|+ |y|+ |z| = 9

60.3. Let X, Y , and Z be points on the sides BC, AC, and AB of 4ABC,
respectively, such that AX, BY , and CZ are concurred at point O.
The area of 4BOC is a. If BX : XC = 2 : 3 and CY : Y A = 1 : 2,
what is the area of 4AOC?

60.4. Find the only value of x in the open interval (−π/2, 0) that satisfies
the equation √

3

sinx
+

1

cosx
= 4.

60.5. The incircle of a triangle has radius 4, and the segments into which one
side is divided by the point of contact with the incircle are of lengths
6 and 8. What is the perimeter of the triangle?

Written Phase

1. Find all primes that can be written both as a sum of two primes and
as a difference of two primes.

2. On a cyclic quadrilateral ABCD, there is a point P on side AD such
that the triangle CDP and the quadrilateral ABCP have equal perime-
ters and equal areas. Prove that two sides of ABCD have equal lengths.

3. Let R? be the set of all real numbers, except 1. Find all functions
f : R? → R that satisfy the functional equation

x+ f(x) + 2f

(
x+ 2009

x− 1

)
= 2010.



4. There are 2008 blue, 2009 red, and 2010 yellow chips on a table. At
each step, one chooses two chips of different colors, and recolor both of
them using the third color. Can all the chips be of the same color after
some steps? Prove your answer.

5. Determine, with proof, the smallest positive integer n with the following
property: For every choice of n integers, there exist at least two whose
sum or difference is divisible by 2009.

Answers
Oral Phase

15.1. 7

15.2. 50π

15.3. 2010
√

2010,
− 2010
√

2010, 1

15.4. 17

15.5. 1
2009

15.6. (−3
4
,−1

4
)

15.7. 35

15.8. 25π

15.9. (−∞, 3/2]

15.10. 4
3a

15.11. a = 1/4, b = −5/4

15.12. 1
4

15.13. 99

15.14. 4

15.15. Leonhard Euler

30.1. 16/3

30.2. A45

30.3. 1.5

30.4. 101

30.5. 8

30.6. 26

30.7. only n = 6

30.8. −1

30.9. 3/5

30.10. −1
2
≤ x ≤ 1

2

60.1. 32
√

3

60.2. 326

60.3. 3a

60.4. −4π/9

60.5. 42

Oral Phase

1. Let p be a prime that can be written as a sum of two primes and as a
difference of two primes. Clearly, we have p > 2. Then p must be odd,
so that p = q + 2 = r − 2 for some odd primes q and r.

We consider three cases.

Case 1. Suppose that q ≡ 1 (mod 3). Then p is a multiple of 3,
implying that p = 3. It follows that p = 3, which means that q = 1, a
contradiction.



Case 2. Suppose that q ≡ 2 (mod 3). Then r ≡ 0 (mod 3), which
implies that r = 3. This leads to p = 1, which is again a contradiction.

Case 3. Suppose that q ≡ 0 (mod 3). Then q = 3, and it follows that
p = 5 and r = 7.

From the above three cases, p = 5 is the only prime that is a sum of
two primes and a difference of two primes. 2

2. We denote by (XY Z) and (WXY Z) the areas of4XY Z and quadrilat-
eral WXY Z, respectively. We use the labels depicted in the following
figure.

a
b

c

zx

y

α

θ

A

B

C

D

P

With equal perimeters, we get

a+ b+ z + x = c+ y + z

or
a+ b+ x = c+ y. (1?)

With equal areas, we get

(ABC) + (ACP ) = (CDP ). (2?)

Since 4ACP and 4CDP have the same altitude from C, we have

(ACP )

(CDP )
=
x

y
=⇒ (ACP ) =

x

y
· (CDP ).

With (2?), we have

(ABC) =

(
1− x

y

)
(CDP ) =

y − x
y
· (CDP ). (3?)



On the other hand, since ABCD is cyclic, we know that ∠D = 180◦−θ.
Then (ABC) = 1

2
ab sin θ and (CDP ) = 1

2
cy sin(180◦− θ). After noting

that sin(180◦ − θ) = sin θ and applying (1?), equation (3?) reduces to

ab = c(a+ b− c).

This last equation is equivalent to

(c− b)(c− a) = 0,

which implies that b = c or a = c. 2

3. Let g(x) =
x+ 2009

x− 1
. Then the given functional equation becomes

x+ f(x) + 2f(g(x)) = 2010. (1?)

Replacing x with g(x) in (1?), and after noting that g(g(x)) = x, we
get

g(x) + f(g(x)) + 2f(x) = 2010. (2?)

Eliminating f(g(x)) in (1?) and (2?), we obtain

x− 3f(x)− 2g(x) = −2010.

Solving for f(x) and using g(x) =
x+ 2009

x− 1
, we have

f(x) =
x2 + 2007x− 6028

3(x− 1)
.

It is not difficult to verify that this function satisfies the given functional
equation. 2

4. After some steps, suppose that there a blue, b red, and c yellow chips
on the table. We denote this scenario by the ordered triple (a, b, c).
Then the next step produces (a− 1, b− 1, c+ 2), (a+ 2, b− 1, c− 1), or
(a− 1, b+ 2, c− 1). One crucial observation on these three possibilities
is the fact that

(a−1)− (b−1) ≡ (a+2)− (b−1) ≡ (a−1)− (b+2) ≡ a−b (mod 3);

that is, from one step to the next, the difference between the number
of blue chips and the number of red chips does not change modulo 3.



Starting with (2008, 2009, 2010), we verify if we can end up with (6027, 0, 0),
(0, 6027, 0), or (0, 0, 6027). Since 2008− 2009 ≡ 2 (mod 3), but

6027− 0 ≡ 0− 6027 ≡ 0− 0 ≡ 0 (mod 3),

it follows that all the chips can never be of the same color after any
number of steps. 2

5. We show that the least integer with the desired property is 1006. We
write 2009 = 2 · 1004 + 1.

Consider the set {1005, 1006, . . . , 2009}, which contains 1005 integers.
The sum of every pair of distinct numbers from this set lies between
2011 and 4017, none of which is divisible by 2009. On the other hand,
the (absolute) difference between two distinct integers from this set lies
between 1 and 1004, none of which again is divisible by 2009. It follows
that the smallest integer with the desired property is at least 1006.

Let A be a set of 1006 integers. If there are two numbers in A that
have the same remainder when divided by 2009, then we are done.

Suppose, on the contrary, that all the 1006 remainders of the inte-
gers in A modulo 2009 are all different. Thus, the set of remainders
is a 1006-element subset of the set {0, 1, . . . , 2008}. One can also
consider the remainders as forming a 1006-element subset of the set
X = {−1004,−1003, . . . ,−1, 0, 1, 2, . . . , 1004}. Every 1006-element
subset of X contains two elements whose sum is zero. Thus, A con-
tains two numbers whose sum is divisible by 2009. Since |A| = 1006,
we deduce that 1006 is the least integer with the desired property. 2
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Part I. Each correct answer is worth two points.

1. If 2009 + 2009 + · · ·+ 2009︸ ︷︷ ︸
2009 terms

= 2009x, find the value of x.

(a) 2 (b) 3 (c) 2009 (d) 2010

2. What is the least positive difference between two three-digit numbers
if one number has all the digits 2, 4, and 6, while the other has all the
digits 1, 2, and 9?

(a) 72 (b) 54 (c) 48 (d) 27

3. Which of the following numbers is closest to one of the roots of the
equation x2 − 10000x− 10000 = 0?

(a) 10001 (b) 5000 (c) 100 (d) 25

4. The ratio of the areas of two squares is 3 : 4. What is the ratio of the
lengths of their corresponding diagonals?

(a) 1 : 2 (b) 3 : 4 (c) 2 : 3 (d)
√

3 : 2

5. In4ABC, let P be a point on segment BC such that BP : PC = 1 : 4.
Find the ratio of the area of 4ACP to that of 4ABC.

(a) 1 : 4 (b) 1 : 5 (c) 3 : 4 (d) 4 : 5

6. In how many ways can three distinct numbers be selected from the set
{1, 2, 3, . . . , 9} if the product of these numbers is divisible by 21?

(a) 15 (b) 16 (c) 17 (d) 18

7. If |2x− 3| ≤ 5 and |5− 2y| ≤ 3, find the least possible value of x− y.

(a) −5 (b) 0 (c) −1 (d) 5



8. Define the operations ♣ and ♥ by

a♣ b = ab− a− b and a♥ b = a2 + b− ab.

What is the value of (−3♥ 4)− (−3♣ 4)?

(a) 38 (b) 12 (c) −12 (d) −38

9. Solve for x in the following system of equations:
log x + log y = 2
log y + log z = 7
log z + log x = 3.

(a) 10 (b) 1 (c) 0.1 (d) 0.01

10. If a + 1 = b − 2 = c + 3 = d − 4, which is the smallest among the
numbers a, b, c, and d?

(a) a (b) b (c) c (d) d

11. Solve for x in the inequality 5x ≥ 252x.

(a) x ≤ 1 (b) x ≤ 0 (c) x ≥ 0 (d) x ≥ 1

12. Today, 24 October 2009, is a Saturday. On what day of the week will
10001 days from now fall?

(a) Saturday (b) Monday (c) Thursday (d) Friday

13. The lines 2x + ay + 2b = 0 and ax − y − b = 1 intersect at the point
(−1, 3). What is 2a + b?

(a) −6 (b) −4 (c) 4 (d) 6

14. Let x be a real number that satisfies the equation

16 (log9 x)4 =
(
log3 x3

)2
+ 10.

Determine (log9 x)2.

(a) 10 (b)
√

10 (c) 5
2

(d)
√

5
2



15. Let r and s be the roots of the equation x2 − 2mx− 3 = 0. If r + s−1

and s + r−1 are the roots of the equation x2 + px− 2q = 0, what is q?

(a) 1 (b) 2
3

(c) −3 (d) −4
3

Part II. Each correct answer is worth three points.

16. On the blackboard, 1 is initially written. Then each of ten students,
one after another, erases the number he finds on the board, and write
its double plus one. What number is erased by the tenth student?

(a) 211 − 1 (b) 211 + 1 (c) 210 − 1 (d) 210 + 1

17. For how many real numbers x is
√

2009−
√

x an integer?

(a) 0 (b) 45 (c) 90 (d) 2009

18. How many distinct natural numbers less than 1000 are multiples of 10,
15, 35, or 55?

(a) 145 (b) 146 (c) 147 (d) 148

19. Let x and y be nonnegative real numbers such that 2x+2y = 8
√

2. What
is the maximum possible value of xy?

(a) 8
√

2 (b) 49/4 (c) 49/32 (d) 1

20. In how many ways can ten people be divided into two groups?

(a) 45 (b) 511 (c) 637 (d) 1022

21. Let P be the point inside the square ABCD such that 4PCD is equi-
lateral. If AP = 1 cm, what is the area of the square?

(a) 3+
√

3 cm2 (b) 2+
√

3 cm2 (c) 9
4

cm2 (d) 2 cm2

22. Let x and y be real numbers such that 22x + 2x−y − 2x+y = 1. Which
of the following equations is always true?

(a) x + y = 0 (b) x = 2y (c) x + 2y = 0 (d) x = y

23. In4ABC, M is the midpoint of BC, and N is the point on the bisector
of ∠BAC such that AN ⊥ NB. If AB = 14 and AC = 19, find MN .

(a) 1 (b) 1.5 (c) 2 (d) 2.5



24. Seven distinct integers are randomly chosen from the set {1, 2, . . . , 2009}.
What is the probability that two of these integers have a difference that
is a multiple of 6?

(a) 7
2009

(b) 2
7

(c) 1
2

(d) 1

25. A student on vacation for d days observed that (1) it rained seven
times, either in the morning or in the afternoon, (2) there were five
clear afternoons, and (3) there were six clear mornings. Determine d.

(a) 7 (b) 8 (c) 9 (d) 10

Part III. Each correct answer is worth six points.

26. How many sequences containing two or more consecutive positive inte-
gers have a sum of 2009?

(a) 3 (b) 4 (c) 5 (d) 6

27. In 4ABC, let D, E, and F be points on the sides BC, AC, and AB,
respectively, such that BC = 4CD, AC = 5AE, and AB = 6BF . If
the area of 4ABC is 120 cm2, what is the area of 4DEF?

(a) 60 cm2 (b) 61 cm2 (c) 62 cm2 (d) 63 cm2

28. A function f is defined on the set of positive integers by f(1) = 1,
f(3) = 3, f(2n) = n, f(4n + 1) = 2f(2n + 1)− f(n), and f(4n + 3) =
3f(2n + 1)− 2f(n) for all positive integers n. Determine

10∑
n=1

[f(4n + 1) + f(2n + 1)− f(4n + 3)].

(a) 55 (b) 50 (c) 45 (d) 40

29. A sequence of consecutive positive integers beginning with 1 is written
on the blackboard. A student came along and erased one number. The
average of the remaining numbers is 35 7

17
. What number was erased?

(a) 7 (b) 8 (c) 9 (d) 10

30. Let M be the midpoint of the side BC of4ABC. Suppose that AB = 4
and AM = 1. Determine the smallest possible measure of ∠BAC.

(a) 60◦ (b) 90◦ (c) 120◦ (d) 150◦
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